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A delay system with » trunks is investigated. The connecting array
s a grading with limited availability. The traffic offered has a Poisson
distribution. The holding times are constant. The probability of delay
and the mean waiting time are derived as functions of the traffic offered
and compared with simulation test results.

Essential parts of this investigation were carried out at the Institute
for Switching and Data Technies, University of Stuttgart, Germany.

Wartesysteme mit unvollkommener Erreichbarkeit
und konsfanter Belegungsdauer

Ein Wartesystem mit » abgehenden Leitungen wird behandelt. Die
Koppelanordnung ist eine Mischung, d.h. die Abnehmerleitungen sind
unvollkommen erreichbar. Der angebotene Verkehr hat eine Poisson-
Verteilung. Die Belegungsdauern sind konstant. Die Wartewahrschein-
lichkeit und die mittlere Wartezeit werden berechnet und mit Simula-
tionstestergebnissen verglichen.

Wesentliche Teile dieser Untersuchung wurden am Institut fiir Nach-
richtenvermittlung und Datenverarbeitung der Universitit Stuttgart
durchgefiihrt.

1. Introduction

Delay systems are found in modern centrally controlled
switching systems and digital computers. The results of
theoretical traffic analyses of these systems become in-
creasingly important.

With the Interconnection Delay Formula (IDF) delay
systems with limited availability can be analysed, if the
holding times have a negatively exponential distribution
[1]. The results of the Interconnection Delay Formula have
been tabulated [2].

The central components of switching and computer sys-
tems are in most cases, however, occupied for a constant
time. The following theory for delay systems with limited
availability is developed under the assumption that the
holding times are constant.

2. The Traffic

The offered traffic is assumed to be of a Poisson distri-
bution of an average number of calls, ca, offered per unit
time. The number of traffic sources may be infinite. The
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probability that exactly r calls arrive during the interval ¢°
is given by ’ ont)T :
: (_AT)_ e—cat (1)

ri

Wy (t) =

All calls have the same constant service time 4.
The traffic offered, 4, is defined by

A =cph. (2)

In delay systems the traffic offered is equal to the traffic
carried, if no call is rejected and no call refuses to wait.

Therefore, the probability that exactly r calls arrive
during the holding time 4, is given by

r

A .
W) == (3)

3. The System

A grading with » outgoing trunks is considered. The traf-
fic is offered to g incoming groups. A call offered to an in-
coming group has access to &k out. of n outgoing trunks.
The number £ is called ““availability”. The trunk group of
n outgoing trunks is a limited-access trunk group.

Incoming groups

n=3 outgoing frunks

Fig. 1. Grading with n=38, k=2, ¢ =3.

In Fig. 1 an example of a grading with » = 3 outgoing
trunks, the availability & = 2 and g = 3 incoming groups
is shown.

A call offered to an incoming grading group is queuing
in front of this group if all k trunks of this incoming group
are busy.
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The number of waiting places
calls are able to waib.

1f one occupation terminates on & trunk the calls are
served in order of their arrival.

1f the number of busy trunks is greater than or equal
to the availability kL, a call offered to a grading will nobt
always find an idle trunk. It is possible that all k trunks
of the incoming are busy and the call has to wait.
The probability ¢ in an incoming grad-
ing group are pusy depends on the number of all busy
frunks @ in the grading.

If the probability ¢(x) is known, the probability u ()

- that a call will find a free trunk in a grading is given by

w(x) =1 —c(x). (4)
If the number of busy calls # is less than the availability %,
a call offered to an incoming group will always find an idle
trunk. The following equations hold:
c(x) =0,
wx) =1

is so large that all offered

90:—-0,1,...,k~1. (5)

4, The States

The state of & grading in delay systems may be charac-
terized both by the number o1 busy trunks x and the sum 2
of calls waiting simultaneously in front of all incoming
groups.

The probabili’cy of the state {2, 2} is denoted by p (. 2)-

Tf the number of busy tronks @ is less than the avail-
ability k, no calls are waiting in front of an incoming group-
Therefore it follows that

p(ac,z):O,
x::(),i,..‘,k‘wi; s 1,2, 000

(6)

The corresponding states {x, z} are nonexistent.

5. The Pr{)habiﬁties of State

The proba-bility of the state {i, 7} at the time to is de-
noted by p(i J3 to). |
The theory will be evaluated in two steps
Firstly, the probabili
probabili‘aies p(x, 2)-

plx, 0) are derived, secondly the

5.1. The state {z, 0%}

The system changos the state (@ 03 fo -+ B}, if the
state (0,0 to} exists at the time fo and @ new calls arrive
and seize free trunks Juring the interval b

The transition probability that all of the @ calls find a
free trunk is given by .

z—1

=110

=0

M) = u(@u(®) w1 (7
The probability that .
i) the state {0, 03 to} exist at, thetime to-
ii) @ new callg arrive € the nterval kb and
jil) all arriving calls find a free frunk
can be expressed in terms of eds. (3) smd (M-
p(0, 05 to) Wa (h) M () - ®)

was in the arbitrary state (i, j;to}
at the time fo. During the following intervall b, i calls
terminate because their holding times h are constant. 1t
may be agsumed, that the ] waiting calls and additionally
x — ] new calls arrive ab the system during the interval h.
The system changes from the state {i, 73 to} to the new
state {z, 05 to+ B}, if the pumber j 18 equal to or less
than «, and if every waiting or arriving call finds a free
grunk. The probability that the state {i, 3 to} changes to
the state {x, 03 fo + h} is equal to

uring

Assuming the system
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p iy 75 to) Wa—g (B) M ()
All states changing o the state {z, 0; fo -+ h} during the
interval b are represented in Table 1. The corresponding

probabilities are added in the righ'o—hand column of
Table 1.

j=x.

@

Table 1. The transitions from {i, §; to} tO {x, 035 fo + h}e

Number of Probability of tra_nsition

State Pt .
Rt arriving calls from state {i, 73
G, 73 o} vsing "o 1, 05 ot h}O}
©.0 | o \ (0, 0; to) Wa (1) M (@)
{1, 0} \ x l p(1, 0} to) Wa(h) M (2)
. . ‘\ i
. . 1 .
{n, 0} \ z i p(n, 05 to) W (h) M (%)
I N ,J‘__/_/_/———-—_' e SR
ik, 1} z—1 \\ pik, 13 o) Wa-1(h) M (%)
1} z—1 \ 2 15 to) Waa() (D)
R \/,_ L
ot | 0 \ 2k, 3 fo) Wo(h) M (@)
. l . \ .
{n; z} \ 0 \ p(n, &:; to)Wu(h)M(x)

SQumming up the probabilities of Table 1 and using €q. (6)
we have

p(x90;t0+ h) =

@€ 7
— M@ ) KWH-(h) > p(i,j;to)X, =0,1, .
j i=0

j=0

(10)

5.2. The state {x, 2}

The system may be in the state {0, 0; to} and 7 new calls
may arrive during the interval h. It is possible that the
system changes to the state {x, 23 to -+ bl if the number 7
is equal to x + 2. QOther transitions are poss'b]e too, for
instance, fo the state {fx+ 12— i;t0 + h}. The transi-
tion to the state {a, 2y ocours with the transition prob-
ability Ms (=, 2).

- The pmbability the state {0, 03 fo} turns to the state
{x, 25 to 4+ h} equals
p(0, 03 to) Wi () Ms (@5 2).

Assuming the system was in the arbitrary state {i, 93 to}
at the time fo- PDuring the following interval b, calls
terminate because the holding times h are constant. It may
be agsumed that the § waiting calls and additional z 7 —
new calls arrive at the system daring the interval h. The
from the state {&, js to} to the state

{z, 23 to 4+ h}

(1)

with the probability
i, §3 to) Wase—i () Ms (&, 2)» jrt . (12)
Summing up all proba,bilitiess of the possible status {3, j3 10}

and using eq. (6) we have
1
K iz (B) Z P(i,i;to)ks
=0

(13)

+2
e,z to -+ by = Ms(@?) >
i=0

z=0,1,...,75 ye=0,1,..--

(13) is identical to eq. (10).
equilibrium state is investigated. Therefore,
distributions are independent of time:

pla,zito+ h) = pla, 23 to) = ple, 7).

Tnserting z = 0 eg-
Only the
probability

the

(14)
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Under this condition eq. (13) becomes

-tz
Pz, z) = Ms(x, 2) Z [Wﬁz—j(h) Z (i, j)} >
i=0 i=0
z=0,1,...,n; z=0,1,.... (15)
Together with the condition
n (o)
D D plaz) =1 (16)

z=02=0
one can calculate the probabilities p(a, z).
To solve the equation system (15), (16) it is necessary
to determine the probability Ms(z, z).

6. The Probability 1 s(z, 2)

Ms(z, z) is defined as the probability that r = + 2
arriving calls change the state {0, 0} into the state {x, z}.

Assuming already @« -2z — 1 calls have arrived. The
system has changed from state {0, 0} to the state {x —1, 2}
with the probability Ms(xz—1, z). The last call reaches a
free incoming group with the probability u(z — 1). The
number of busy trunks increases by 1. The system changes
to the state {z, 2z} with the probability

Ms(x— 1, 2)u(x —1). (17)

In another case the system has reached the state {#,z — 1}
after 4z — 1 arriving calls with the probability
Ms(x, 2z — 1). The last call arrives at an occupied incoming
group with the probability ¢(z). The call has to wait and
the state of the system changes from {z, z—1} to {, 2}
with the probability '

Ms(x,z2— 1)c(z). (18)

Al other states which the system has reached after

2z + z — 1 incoming calls do not lead to the state {z,z}.

Therefore, it is possible to calculate the probability Ms(z, z)
from eqs. (17) and (18):

Ms(x,2) = Ms(x — 1, 2)u(x — 1) + Ms(x,z — 1) c{z), (19)

rz=1,...,m; z=1,2,....

Eq. (19) is a recurrence relation for the probability Ms(z, z).
In the special case z == 0 the boundary values M (z, 0)
are equal to the probabilities M (z) derived in eq. (7):
-1
M@0 =M@ =[]ul), a=0,1,...,n.
‘ =0

(20)

7. The Probability of Delay and the Mean Waiting Time

Let p(x) be the probability of the state {z}, which means
that x trunks of the outgoing trunk group are busy.
One obtains the probability p(z) by the summation

plx) = Z p(x,2), z=0,1,...,n.
2=0

(21)

An arriving call will find @ trunks busy with the prob-

ability p (x). The probability that all trunks in the incoming .

group are busy was denoted by c(z). One gets the prob-
ability of delay, W, by summation of all probabilities p (2) ¢ (x)

W= gk px)e(x). (22)

The waiting traffic Q is defined as the average number of

calls waiting simultaneously
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Q= 2p@2). (23)
z=1

The waiting traffic is equal to the average number of
delayed calls occuring per unit time, ¢y, multiplied by the
mean waiting time of the delayed calls &y:

02 = cyily. (24)
The mean waiting time ¢y divided by the mean holding
time » may be noted by vy:

tw 0

AW

Ty =

(25)

™

8. Results of Simulation

A program was written for artificial traffic trials on a
digital computer. The simulation results are shown in
Fig. 2.

Ny
<L i

01 7 it

=

7% ‘
.01 01
[][J3

A —

Fig. 2. The probability of delay W and the mean waiting time 7w against
the traffic offered 4.

The test results of the probability of delay, W, and the
mean waiting time, 7w, are drawn in Fig. 2 together with
the confidence intervals of 95%,. The theoretical curves are
calculated with eqs. (22) and (25). The calculation was per-
formed with the probability

@
(lc) x!(n—]ﬁ)!

n\  (x—k)!In!
(&)

introduced by A. K. Errvaxce [3]. This function of ¢(x)
yields exact results for Errana’s ideal gradings (Fig. 1).
For non-ideal gradings (Fig. 2) eq. (26) is an approximation.
The theoretical calculations are in good agreement with the
simulation results.

ol@) = (26)
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