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1. Abstract of the CPE-Method

For the synthesis of "optimum link sys-
tems", ‘having a minimum number CPE of cross-
points per erlang, simple formulae are de-
rived. They yield the structural parame-
ters, such as number of stages S; accessi-
bilities ¥k ;,... kj,... kg; carried load per
linkline} effective accessibility of the
link arrangement as a whole.

This derivation doesn’t require any ap-
proximate loss formula for the minimization
as it is known from former publications|1],

2|. Merely two characteristic quantities
have to be prescribed, namely the carried
traffic . a, per_inlet of the 1% stage and
the socalled "transparency T of the systed'

Chapter 2 explains and summarizes all
necessary definitions. Chapter % compiles
the formulae applied to the calculation of
the optimum structural parameters. The
" method holds true for link arrangements
with or without gradings between the stag-
es. If the total number of outlets in the
last stage remains constant, the number of
outgoing trunk groups to which these out-
lets are divided up is without influence to
the optimization. Optimum structvral para-
meters can be calculated not only for the
optimum number of stages Sepe 0f the link
arrangement, but also for any other chosen
nunber S.,

Examples of calculation for link sys-
tems without concentration are handled in
chapter 4 and for systems with concentra-
tion in chapter 5. . i

Chapter 6 shows the outline of the dif-
ferentiation method by which the optimum
structure formulae were derived., Finally g
brief-survey about the calculation of call
congestion is given in chapter 7.

2. Definitions
2.1 The Number of Crosspoints per Erlang

In a link arrangement having S stages it

holds
: kK, k k. K,
CPE = -1+ -2, , +=ly , 428 (1)
ay a, . aj Lag

being
k; = accessibility of stage No j »
carried traffic per inlet of the IStsnpge

a, =
a,= carried traffic per inlet of the 2“sage

Beltrag des Instituts for Nachrichten-
vermittiung und Datenverarbeitung der
Technischen Hochschule Stuttgart zum
5th International Teletraffic Congress
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and so forth up to
= carried traffic per inlet of the last
stage No S »
y;= carried traffic at kj outlets.

2.2 The Transparency T

As d new useful measure characterizing a
link arrangement is defined:

T = (k{—y‘) M (kz-*yz) * e o :(kj-;%). s '.(k.‘ﬂ- %_’) ‘ks
(2)
or '

T = ky(l-g) kj(l-a) ook, ;(1-a)k (3)

Eq. (2) 2nd (3) demand, that at most one
link line exists between two multiples of
successive stages.

This condition is obviously correct, be-
cause it yields the maximum value of T for
constant parameters kp... kﬁ...,ks and

a4y 85, .

The Ytransparency T says how many free paths
"one can see" on the average up to stage

No §, multiplied with kg ,from each free in-
let of the first stage. Therefore in "fan-
out-arrangements" (see section 2.5) T corre-
sponds to the average total accessibility
k5 with respect to gll oullets of the last

stage, whatever outgoing trunk group they

belong to.
In case of fan-out-structure holds always

‘e e ey as »

T = kﬁ,zZ:all individual k  of all outgoing
: ) trunk groups a)

Being ngue the total nuumber of ocutlets in

the last stage, in case of fan-oult struc~

ture hclds -
T < nout \/).

_ for each carried traffic greater than zero.

2.3 Cepacity Index Q

The structural formulae in chapter 3 become
easy to handle if we define
(6)

Q =

with T according to eq.(2),(3) and with ay
being the incoming carried traffic per

a

inlet of the 1% stage.
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2.4 Total Incoming Traffic Yooe

A link arrangement having n;,, inlets in the
first stage and the carried traffic a, per
inlet, has

Tiot = Dyp' 24 . (7

2.5 Link Arrangsements with Fan-Out-
Structure

Fan-out-structure exists if at most one

path can connect a certain inlet of the 15t

stage to one arbitrary outlet of the last
. stage.

Link Arrangement
with Fan-Qut
Structure
having 3 Stages

Fig.1

2.6 Link Arranpements with Meshed Structure

Meshed structure exists, if more than
exactly one path leads from each individual
inlet of the 1%t stage to each out of all
mg multiples of the last stage. Therefore

T % Bgtkg = Doyg (8)

%§ possible, depending on the carried traf-
AC, .

. Link
Arrangement
with
Meshed
Structure
having

— 3 Stages

¥ Fig.2

-L—L -—--L—- -

]

We define a Meshing Coefficient M
T
out

M= 2 (@

n

M yields ~ for a given cavried traffic -
the average number of free paths between
‘each individual inlet of the 1% stage and

_each out of all multiples in the last
stage.
" Having M>1 the probability of socalled
point to point blocking" between one mul-
tiple of the 1% stage and any multiple of
the last stage practically becomes Zero.
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2.7 Types of Offered Traffic

Poisson-input, having constant call inten-

sity independent of the number of busy in-

lets, shall be named |4| "Pure Chance Traf-
fic type No 1", abbreviated FCT1.

Engset-input, having a constant call in-
tensity « per idle source, but an overall
call intensity depending on the number of
idle sources shall be named. "Pure Chance
Iraffic type No 2| abbreviated PCIZ.

3. Formulae for the Synthesis
of Link Arrangements having CPEmin

The following structural and traffic
parameter formulae are derived in chapter
6. They permit an easy synthesis of link
arrangements having the minimum of crosg-
points per erlang.

In practice we will obbain slight devia-
tions from this theoretical optimum, be-
cause the numbers k; must be integer. Fur-
thermore deviations’ can arise for reasons
of divisibility with respect to the number
of trunks and on the other hand to the ac~
cessabilities ks. The CPE of any available

% simply can be compared
with the theoretical minimum.

3.1 Basic Formulae

Be given the number n;, of inlets and ng,of
outlets, furthermore the carried traffic a,
per inlet of the first stage and the pre-
scribed transparency T. These data will be
sufficient for the evaluation of the fol-~
lowing formulae:

The number i, of inlets per multiple of the
18t stage and the accessibilities of the 2™
nd further stages up to the last stage

No S becoune

%/Q'
i) =k, = ..rqu...= k= 2- A (10)

The optimum load per link line between the
stages equals to

8y = 83 = ... 8= 8y = 0.5 erlang (11)
The multiples of the first stage get out-
lets with an accessibility

a
1 .
ky = 5 iy (12)

From eq. (10), (11), (12) it follows the
minimum number of crosspoints per erlang:

S
Sk, = 4-8- /9
CPE , = 2:S ky o= 480 T At (13)

The very minimum CPEy4is obtained if the
following number of stages can be realized:
= 1n &= g8 8

Sept = 1n 3 ¥ 2.3:1og ¢ (14)
With Segr you get the smallest possible CPE
at all from eq. (14) and (13)

4
CPE__, = 4-e-1n ¥4 = 25185 %

¥ mo1.8 cee € = 2,718 ...

opt (15)



The lower bound S,x= 1 is true but for the

rather unrealistic case, where Q = 4e¢ ¥ 1l.
The influence of 'S on CPEpin can be seen in
figo 3: { o

CPE min
1000 i min
Q
200 \ AN
\ \ N 40000
100 \ N400
50 \400 P
A
/
Nz _|—
20 .
10 +- 4 t :-T_‘—ﬁts

o 2 4 6 8 10
Fig.3 :

The functions CPE.; = £(S) have rather flat
minimums. The overall costs per erlang in-
cluding also the costs of common control in
many cases will have their minimum point
for S < Sopt'

3.2 Inletéij and Outlets kj per Multiple
in Stage No

In all stages, where 0.5 erlang per incom-
ing and outgoing links can be realized, ob-
viously holds i;= k; . The following formu-
lae merely result from the selfevident
condition "incoming = outgoing traffic" in
these cases where for reasons of practical
realization i; = k; becomes impossible; or
on the other hand tecause of necessary
traffic concentration. The following for-
mulae hold:

Stages without Grading of their Outlets
(16
(183

Stages whose Multiple--Outlets are graded

R

i= ky a; i, = ks 2 e?c.

1

Py
CLe.

Be a; the carried traffic per incoming link
(per inlet) and be a;. the carried traffic
per outgoing link (behind the grading!).
Furthermore be mj the number of multiples
in stage No j each having k; common out-
lets, and be Hj the grading ratio. It

holds m, - ki
53 "  number of the grading's outgoin.ﬁn?
. 17
Number of inlets per multiple
a., k.
i. = Al i 2 1 (18)
J a. « H,
J J
For ij = 1 we obtain Hjm , yielding the

best possible balance of outgoing traffic
among all outlets of the grading.

244

’ It M= o

4,1,
" fan-out-structure for S = 2.

Outlets of the grading = inlets of the
next stage i

N ..-a.-m. | N (19)
a. . . B
J+l . -

Gradings do pot influence the crosspointg
per erlang of the considered stage. How-
ever the increase of ajy by the grading
saves crosspoints in the next stage.

3.% Structure of Type "Fan-Out" or "Meshed®

out

we obtain by means of the calculated‘sf}uc-
tural parameters according to eq. (10) to
(15) a meshed arrangement. '

If M ¢ 1, the decision about "meshed" or
"fan~out" structure depends on the calcula-
ted structural parameters (see examples
Obviously each link arrangement has

4, Examples for the Calculation

of Optimum Parameters in Case of
Iink Arrangements .

without remarkable Concentration
(but in the last stage)

4,1 Example No 'l
The prescribed parameters be

n = ng .= 2005 a;= 0.6 erlang; T= k}= 100,

Therewith Q = %/ ay ~ 167
G, ~ 417

Firstly we get by means of the formulae in
section 3 the theoretical values

%0167 ' ’
Sopt= 2+3710g =7= 3.73 and CPE . = 40.5 .

Be chdsen S = 4,

and

Then we obtain 4
i1= ko= kg= k= 2 -'\/41.75 = 2:2.54 = 5.08

Furthermore holds

a ¢ '
l o 3.-96.c08.1.2.5.08 = 6.1

3 1 “ e P el
copt

0,5 7
Now we have to look for.a realizable ar-
rangement using integer numbers for i and
k. (In practice also available types_ of
selectors will be taken into account.)

k.2
ky

4,1.,1 Solution A

Stage No 1 No 2 No 3 No 4

n; =200 56 5[5 5|5 6|5 ng = 200
—g 240 240 240
| 40 48 48 40

the transparency



o= 6-(1-0.5)-5-(1-0.5)+5-(1-0.5) -5

. 750 277 = 93.65 being slightly < 100
and , ‘
k k. +ko+k
e T T L
VBT ey * a, = 0.6 * 0.5 = 40 <405
, - CPE,,

rvecause of T < 100,

4.1,2 Solution B
) being changed
‘Stage No 1 No 2/No 3 No 4
ng, = 200 5|6 5|6 6|5 6]5 B = 200
U 240 288 240 ————r

Do wwarmees  oo— Sm———

40 48 48 40
The transparency gets
T = 6’(1-0.5)%}@-0-%17)’5'(1~0.5)-5
= 1%1 > 100°
end
CPE =

=

6

6
0.6t

o 2
0.5 0.5

Solution B corrects T from 94 to 131 by
means of the small increase from 40 to
42 CPE,

2 - :
toET * = 42

4,1.3 Solving example No 'l with S 2

Now S = 2 may be chosen to get a very sim-
ple common control In this case we get
the following structural parameters:

' 2 -
11 = k2 = 2 V41.7 = 12,92

a 0.6

—=si —

ay 1" 0.5

k., =

1 = '12092

15.52

Solution C

Be chosen i

;1 = ky = 12 and 13 alternately,
and k. = 16 :
1
12 16 16 12
Rin = 200 | 1§E§ Moyt =200
— e
16 T '
16 6
¥e get
200-0.6
onean = 16,16 0.4685 erlang
and '

945

k. -

T = k- (l-ay) kg _
= 16-(1-0.4685)-—1-3--5—lz ~ 106
_lo 12.5
CPE = 5.6 * 04685 53.3

Cf the very minimum (for S = 3.7 and
T = 100) is CPE opt 40,5,

Solution D

Available crossbar oelectozs, having k=10
and k=20, may be applied.

kiZkaz\\\ ////Edlp
1

Nin=200 16]20 240  R2]10 nout =200
17120 2|10
12 20
It becomes . o
‘ gﬂw »m_.z
| 0Pk = 8% + 3% ~ 53.3
Te T e 20(1-0.5)-10 = 100

We can sce, that for prescribed number S
the differences between the theoretical
and the actual values of i,, k, etc. don't
influence very much the aconomy, i.e. the
quantity CPE, if the carried traffic is
close to the optimun of 0.5 erlang per
link line.

4,2, Exanple No 2

Be given n;, = ny= 2000 trunks each,having
0.6 erlang per inlet or outlet *espectlve-
ly.

Full accesibility by means
prescribed, therefore we choose M
being far "on the safe side".

Then we get
T = M- ‘Dot
Q = I~ = 5000 ana Y4 = 1250

-

ER

The theoretical optimuwn parameters accord-

of M > 1 be
1.5

= 1.5-2000 = 3000

ing to eq. (14) and (15) become
£ = 7.1 and CPEOPt = 77.2.
4.2,1 Solution A, using S = 6

= 6 < 7 may be applied for reasons of a
simpler common control.

We find 6 ‘
k, = k3 = eeu= kg = g.]/leso‘z 6.6 and

kl O r 6.6 = 7.9

The following arrangement is synthesized:



{s!é‘ 5|5 els-8ls s|5 12|10
25 T -0 '

e . 122 s

i \n{l!

R e U

400 480 300 300 480 200

In spite of the fact, that - for rea-
sons of an appropriate link arrangement -
parameters k,, k; were used, which differ
sometimes remarkably from the theoretical
ones, the following good result is ob-
tained:

T = 6-5~8-8-5-’1O-O.55 = 3000 = Men

3 (0] . | ’
CPE - 0?6 ; 5*8+gf§+1 = 82 (with S=6)

£ = —
cf. CPEopt = 77.2 for Sopt = 7.7,

This good result has been obtained, be-
cause a,= a,= g,= az= az= 0.5 erlang is
fulfilled. Furthermore the average of k,,.
seykg= 36/5 = 7,2 is not far from the the-
ory yielding 6.6.

4,2.2 Solution B using S = 4 only

The theory yields CPE, = 16-31350 ~ 96
with M = 1.5 and i, = k,= k,= k, ~ 12;

k,® 4.4, Ve apply merely available selec-
tor-types having k = 10,

10[15 10|10 10}10 15]10

10 15 15 10

—
—
—

200 300 300 200

The actual values become CPE = 4100 and

T = 3240, i.e. M = 1,62 > 1.5.

4.3 Example for the Planning of a ILink
System according to Section 4.1.3
with limited Accessibility

'~ Be given n;, = 200 lines as well as 4 out-
going groups, having n; lines each (i = 1,
2,3,4) and the carried traffics Yj. Fur-
thermore be prescribed the call conges-—
tions By in case of Poisson input.

From nj, Yj and B; follow the quanti-
ties kpj ”’kefﬂi by mecans of the MPJ-table,
ka,i'
The number of outlets in the last stage is

The transparency results to T =

equal to rnj =.200. Having calculated by
means of ‘T and Yot '
a; = = 0,6 erlang
n,
in

the 2-stage link arrangement according g,
section 4,1.3"%we get 2 final stage havip

8 multiples with 12 and further 8 multiply
with 13 outlets each.

By means of eq. (24)

k k. o= .l.{_R_l.
effi mi k2
we can calculate the individual numbers

kRj per each multiple. The results are
given in the following table.

T .

i Y. B.= |k .= Outlets k
n, . = R utlets . per
+ + 1 e multiple ?ﬁ the
final stage
1} 80 52.15/0.0003 42.40 | 16+5 = 80
2| 50 30.4510.001 | 26.50 | 143 + 2.4 = 5(
3] 38 1.0 |0.001 || 20.15 [ 102 + 6-3 = 3§
41 32 6.4 |0.001 | 16.95 {16-2 = 3
~Bouyf Yeot| - |- = Royg = 200
=200 =12p T=106

4.4 Planning with Full Accessibility

From the given values {nj, Yi} followsfor
full access

- 2 -
n; = kmi and T = zzkm; =D

nT % 1.3 is rec~
out ommended .

2 . 3.0 =
& 1'3'nout’ i.es M =

Obviously the individual numbers kRi per

‘multiple in the last stage become

n
i
Ri® number of multiples in the last stage

k

Cand kg o=y Ky
. : .

5. Exanples for the Calculation
of Optimum Parameters in Case of
Link Arrangements with Concentration
in the First Stage (a;<0.5 erlang)

5.1 Influence of Concentration because of
Inlet Blocking

In case of aj< 0.5 erlang the theory
cares for traffic concentration in the
1% stage by means of the formula

a
=Ll - o.g. ‘

kl = 3, i, = 2 ay il
Eq. (12) effects, that the amount of cross
mints per erlang in the 1% stage - in
spite of a1 < 0.5 - equals to that of the
following stages. The theory yields with
eq. (10), (11), (12) '

(12)

¥) solution C
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k

k k ‘
E:‘."" = ""2“' = e 0.."'8"5' (20)
1 % s

In other words: The formula (12) avoids

the waste of crosspoints in the 1%t (concen-
tration-)stage and pushes the generation of
the prescribed transparency T so more %o
the following stages, so more the inlet
load aj decreases under 0,5 erlang.

But from kj < ij_ arises an INLET-BLOCK-
ING probability [kj] > O, which belongs to
“the state "all k3 outlets are busy", where
inlets cannot be connected to an idle out-
let. The minimization formulae donit take
into consideration this "inlet blocking
1k i". Dimensioning kj according to eq.
lb in subsciber stages, you

et - as a
rule - a blocking probability [ki] which
is inadmissible high! In such cases we
have to calculate the parameters of the 1%
and the following concentration-stages by
means of the following policy which may be

explained by an example:

5.2 _Calculation of the 18t Stage

a) Be prescribed -a group of 2000 subscrib-
ers, cach having - on the average - the
busy hour traffic of aj = 0.06 erlang (sum
of outgoing and incoming traffic).

Furthermore a last stage may be neces-
sary, having 160 outlets for two groups of
80 trunks, for incoming and outgoing traf-
fic of 60 erlang each.

Practically full access from any sub-
scriber multiple to the outgoing group as
well as full access for the incoming traf-
fic to each subscriber multiple is neces-
sary. Therefore a meshing factor M 2 1.5
may be chosen.

b) Inlets and Outlets of the 15% Stage

Each inlet of the first stage has ac-
cess to kj outlets. If no grading behind
the first stage is applied, you have to
choose firstly the number ij of inlets per
multiple such, that - in spite of the well-
known statistical variation of the individ-
ual subscriber traffics - the actual in-
coming traffic per multiple doesn’t vary
too much from the mean y,= i, a, . From
experience a lower bound is i1 = 10.

If a grading behind the first stage

A i s 4 i s
named “"transposition") is

{sometimes be
applied, the balance of unequal subscriber
traffics becomes improved.
admissible load ap per link %o the 2
stage is greater than "without grading",if
the_same upper limit for the inlet blocking
kj) is prescribed.. Therefore the nunber
of the grading's outgoing links will be
smaller than the 1% stage's outlets. Th
grade of gervice will be limited by [k1],
mainly with respect to the incoming calls
which cannot be connecbed to an idle sub-
scriber because of [k1l. Therefore only
[k1] = 0.001 ... will be admissible.

. Because of the large and uneconomic
amount of kj/ay = k1/0.06 crosspoints per
erlang in the It stage we choose k) as
small as possible with respect to i1 and
fkg!. The optimum load ap = 0.5 erlang and
the small optimum value of k]l according to

Furthermore the-

eq.(12) cannot be obtained mostly. From
a] = O.Gberlang, from the chosen number
iy = %O and from a prescribed upper limit
[ﬁl] $ 0,001 may follow, that k] = 4 is
necessary. (The eg.él2).yields

_0.06.10 . 1.0

kl = 5.5 10 = 1.2!1)

The 1% stage is considered to be "without
grading". %This simplifies sometimes the
common control.) Up to now the following

data are known:
iy = i0 a; = 0.06 erlang
k) = 4 = 10+ 0,06 = 0,6 erlang

t

Y&\
as 0.06.10 = 0,15 erlang
n

The 1% stage's share of the total sum CPE
amounts to 4/0,06 = ©66.7 crosspoints per
erlang. ‘

Using these values we can design the
further stages step by step.

5.3 Calculation of the 2™ and further

Stages
Step No 1

From noug = 160 and M = 1.5 follows for the
system as a whole

Thin = 160 ~ 1.5 =

The 1% stage’s share of T becomes
%y = k- (l-a,) = 4+(1-0.,15) = 3.4

The further arrangement must effect the

240

rest of T, i.e. 7% = T/%;. ,

T S 7 V0.6 and 3T = 500 7615 E T 117.8
Therewith

SEot = 2.3.18¢ 117.8 = 2.3-2.071 ~ 4.75

Be chosen S* = 3 only, we get

3
2-Y117.8 = 24.9 = 9.8

i2 = kj =
a
= fe—2 = 015
ky = i, 2 = 9.8 575 = 2.94

Be chosen kp = 4 to get a smaller blocking.
According to this value, we can design 100-
groups in stage No 1 and No 2:

Nol No2
! 104 10|4
100 \ =
10 g

The outlets of stage No 2 and so the inlets
of stage No 3 carry

83 = 0.15'%9 = 0,375 erlang each,

The average accessibility from one inlet
of stage No 1 with respect to the 16 out-
lets of the 2" stage becomes
= M - ° = odbe = . .

kl’a k. -(1 a2) ky = 3oh4eb 13.6 |
Before calculating the last 2 stages we
have to chneck, if the "INLET BI,OCKING™ up
to the outlets of the 2" stame accords 19
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the prescribed upper iimit of . 0.001.

Considering the 4-4 outlets which carry
100:0.06 = 6 erlang. and which are hunted
with kj 2 = 13.6, we fiprd an upper limit
for the’ "inlet blocking" by mcans of the
MPJ-tables 18], [11] calculated for
Poisson input. Reading out with

{y = 6 erlang, n = 16 and k = k

we obtain o
[kl 2] ¢ 0.0005, being admissible.
]

1,2 n'13.6}.

(For yet more exact calculations and with
respect to the actually given Engset input
we can use the BQ-Formula (see chapter 7).)

Step No 2

The share t) o of T with respect to the
1% and to thé 2" stage both amounts to

vt1,2 = kq-kz'(1—a2){1-a3) 4.4.0,85-0.625

non

8.5
From this follows ;
* ¥
T = g=7— = 240/8.5 ~ 28.2 - and
b4
1

Qr I LA 240 ~19
b Ayt by pragh s 8.000.070 8

With S** = S* - 1 = 2 we get for a "sepa-
rate system" consisting of Stage No 3 and
4 2

is =k, = 2h9 ~ 2.4.36 = 8.72 .

Be chosen i3= k,= 8, Because of a, = 0.375
erlang we obtain

s 5.2 - 8.0370 &
1‘:3-—13& = 8 .5 6.

By trial we can see that because of
k, = 8 < 8.72 the value T becomes too small,
therefore k; = 7 and a, = 0.429. )

The "inlet blocking check" up to the
outlets of stage No 3 yields:

kq,2,3 = Kqkpr (T-ap)(1-a5) Ik
4-4-0.85-0.,625-7 = 59.5

40-7 = 280; Y4 = 1205 k =
from the MPJ-tables

i

and with {n =
?9.5} follows

k1,2’3] << 0,001,
With ky = 7 and a, = 0.429 and Yy =120
erlang we get 120/(0,429:7) = 40 multiples

in the 3" stage.

The 320 outlets behind the 2°¢ stage
have to be divided up to the 40 multiples
of the 3™ stage. We obtain the following

design:
No1 DNo2 No3 ‘
104  10|4 8|7
—-800 —o-320 —280
10 4 =
= 8|7
200 80 40
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Step No 3 '
The (last) 4th stage requires 2-80 = 160
outlets, each having O0.75 erlang, i.e. €0

erlang per group. This concentration be-
hind the lirnk arrangement with a factor
0.75/0.5 = 1.5 can be obtained by using 20
multiples each having 14 inlets in the
last stage.

The final design becomes:

No 1 No 2 No 3 No &
10|4 10|4 8|7 14(8 = 2.4
~=800 —320 —=280

200 80 40 20

Now we have to check, if M 2 1.5 .has
been obtained:

'Tfinal,= k1,2’5(4~a4)-8 = 59.5-(170.429)'8‘

= 272

With Dot = 160 we get M -

. 272/160 = 1.7

Finally CPE may be calculated

CPE = g + 0?15 * 0?375 + 57159
= 66.7 + (26.7 + 18.7+ 18.7)
- €6.7 + G4.1 = 130.8
Comparison:

Without taking into account the inlet
blocking by concentration, S = 4 would
yield:

Q = 200/0.06 = 4000 ; Q/4 = 1000 and
R Y7000 ~ 2-5.625 = 11.25;

furthernore

8, '
A L 0.06 440 L
k, = ™ iy = giee 11425 = 1,35 ~w2
1= 2 2 Q5 0w 16,67 Av 16 or 17
17 &, T 0.0 o
alternately, and therewith 3, = Az =
= 0,5 erlang. :
No 1 No 2 No 3 No 4
( 16]2 12|12 12|12 12|8
100{ =
\ 1712
6 .
2000 Zeon0 e 240 =e 240 —» 160
6|2
100 —
17]2  12]12 12|12 12|8
6
120 20 20 20



' 2 2 12 .8
CPE = 5.66 * 0.5 * 5.5 * 0.5
= 33.3 4 24 + 24 + 16 = 33.3 + 64
= 97.5
and T = 1-6-6-8 = 288

It can be seen, that the appropriate re-
gard to the admissible inlet blockings has
increased the crosspoints per erlang but
of the 1** stapge, whereas the economy of
stages No 2, 5, 4 as a whole has not been
increased.

As a rule, inlet blocking thoroughly
must be taken into account for the dimen-
sioning of the ¥ stage. The inlet block-

. ing by concentration in further stages be-
comes smaller and smaller and can be neg-
lected often.

6, Outline of the Theory

By means of

k k k k
CPE = -+ 4 =2 4 =2 4 ,,, + -2 (1)
a8 & &3 as
and

T = kg (1-ay) kyr (1-ag)e . kg y(l-a ) kg

(3) .
furthermore with :
T
Q= (8)
follows
5o Q (21)
8y kz-ka'...-ks'(l~az)'..:(l—as)

Inserting eq. (21) in eq.(1) we get

Q .
CPE = —
Ky e ks-(1~a2)-(l~a3) ...(l~as)
k k_ ) o
2 s
o TR e (22)
o) g

By partial derivation we obtain (for pre-

scribed quantities T, S, a)

dCPE _ 3CPE _ _JCPE _

ak, T ks ik

-3CPE _ 3CPE 3 CPE '
eurk 2 e = = 0 (23)
3a2 68.3 Bas .

of 2-(8~1) linear

Solving this system
the formulae (10),

equations we obtain
(11),(@12) ana (13).

In a second step we consider ,
S .
CPE = 48 /4 (13)
The derivation
dCPEmin = 0"
s =

. be iR
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- yields "

" Sopy = 1n Y. (14)
and with eq. (13) the very minimum in case
of Sopt stages | A

CPE, = 4-e-S,pp e = 2.718... (15)

7. Remarks to

the
(Is],lel, 17l

72,1 Link Arrangements with M<1 and
without Concentration (but in the last
stapge: cl. cnapoer 4

7.1.1 For a certain outgoing trunk group
No R, using kpout of kg outlets per mul-
tiple of the last stage the average lim-
ited accessibility holds

Tt (24)

kp g =
Ls it is known k,pis a good approximate
value for the effective availability Keyp .

can be
gradings

Therefore the call congestion
calculated like for single stage
having a limited accessibility k
well as the same carried traffic
same number np of trunks.

g @5

YR on the

7.1.2 In case of PCT, i.e. of Poisson-

input, the MPJ~tables yield call conges-
ioTs close to reality |71,18],191,[10],
1. ' i

7.1.3 In case of PCT2, i.e. Engset-input,
a new "BGQ-Formula', by analogy to th?
MPJ-Formula, has been developped |121,[13l
It has been checked and found to be also
very close to artificial traffic tests.
Details ere explained in the Fifth ITC-
paper of D. Botsch (Technical University
of Stuttgart) "International Standardi-
zing of Loss Formulae".

Applying the BQ-Formula to link arrange-
ments, we must take into account that num-
ber of sources, which -~ on the average -
will be at the disposal to offer calls to
the considered outgoing trunk group No R:

Be n;, the total number of inlets (identi-
cal with sources) of the link system and
the fraction of the total traffic
Yeo = n;, » g which is carried from the
outgoing group in consideration.

Then the "effective number of sources
gers" is that quantity being on the aver-
age not busy by other traffic flows:

= .

in © nin'u"'lR)'al

Qers

= nin’.(l“‘al + al"iR) (25)



7.2 Link Arrangements w}%hggt Concentra-
tion, having Full Jccessibility

In case of full accessibility (M 2 1) we
apply for PCT1 Erlang’s formula B, n(A).

In case of PCT2 we apply Engset’s férmula
E (g, ) using qerr sources of traffic
a@cording to eq. (25).

2.3 Link Arrangements with Concentration
7.%.1 Route Blocking [R]

Firstly the part [R] of call congestion
may be calculated, which depends on the
"Route Blockding?!", i.e. this
part which is caused either by the limit-
ed access kpm,R to the outgoing group; or
in case of full access by the probability
that "all nR trunks of the considered out-~
going group are busy". 8o far the calcu-
lation runs exactly as described in 7.1
and 7.2,

7.3.2 Inlet Blocking [K]

In_addition to the part [R] another part
[K] of loss arises caused by the
"Inlet Blockding", which oc~

. for
- out

curs if a hunting inlet of the first stage

finds busy

all out of the available kj outlsets in the
1% stage, :
or all outlets of the
available, etc. etc,,
or all outlets up to the last but one
stage of the link arrangement.

Stages No 1 up to No S~1 having no con~
centration of traffic from inlets to out-
‘lets don’t cause inlet blocking at all
(cf. chapter 5, section 5.2 and 5.%).

2™ stage being

72.,3.3 Calculation of Inlet Blocking [X]
for PCT1 (Poisson Lnput)

a) Stage No 1
If no grading between the multiples exists

k -2,

‘ L
[kl] = El,kl(AO)’ with A = i:E”";"TK_j
Lk1M 0% 06

Diagrams and tables see |7[,]8],[11].

If a grading exists, having nj outlets,
each carrying on the average ap erlang,
the MPJ~formula is applied for a group
with{n = n3; k = k1; y = nj-ap}; %7(,18|,
191, 110, [11].
A first approximation (lower limit!) for
small values k) and ap will be:

ky
] = a5

b) Stage No 2 and Further Stages

In each case the MPJ~-formula can be ap-
plied. With ns the total number of links
from the 2™ to“the 3™ stage furthermore
with k) o the average accessible links in
the considered case

kl,2 = kl‘(l~a2)‘k2 s

7)

and with a carried traffic per link bet-
ween stage’2 and 3, we use the MPJ-tableg
n np; k k1 23 ¥ = np-az} and read
Tklig] = "B 14%¢ns tables, ,

Analogously we use the MPJ-tables for

gnt= ni; k = ?1,2ﬁ3; yk= n;-aq}kto ﬁalcu~
ate where kK] 2.3 = . * k3
(l~32§~%i§ég),’etc. L

7.3.4 Calculation of Inlet Blocking [x]
for PCI2 {Engset Input)

a) Stage No 1
A first approximation (with or without
grading) yields a lower limit

(x

k . . -
l} = a2l (exact for ilukl) @

More exact values for i; > kj can be ob~
tained by Engset's formiula.

b) Stage No 2 and Further Stages

The average accessibilities k1 Dy
etc, are calculated as in 7.3.37Db.

The following approximation yields a lower
limit: -
L7

=8, etc,

k1,2,3...

, X, .o
ey, 2] = a5™s [y 5 4) - (28)
The application of the MPJ~tables as in
7.5.3 b yields an upper limit,

More exact calculation - if necessary -

can be obtained by the BQ-Formula.

2.3.5 Total Call Congestion

a) The values [k,], [kmg, (k45 etc, may
approximately be added (upper limit):
[K} = [kl]+[kl,2]+ € e e [kI,E,...(S-l)]

(29)

b) The states of occupation belonging to
the blocking values [R| and[X] are assumed
to be independent. Therefore the overall
call congestion of the considered trunk
group No R becomes

By = [K] + {1-[x]}-[R] (30)

This method of separate calculating (K] and
[R] is named CIRB:

COMBINED INLET AND ROUTE BLOCKING.

Further details can be found in the
"Proceedings No 3 of the Institute of
Switching and Data Technics,
Technjcal Uniyersity Stubttgart®

(see T?T and TBT). .
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