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ABSTRACT

This paper deals with a multi-server queuing sys-
tem with constant holding time and an infinite
number of waiting places. The offered traffic is
Poissonian and is subdivided into R nonpreemptive
priority clasaes. In a queuing system besides the
probability of waiting, the mean waiting times
are of main interest. In this paper now & form~-
la is derived for the mean waiting times typ of
each priority class r. With this formula the mean
waiting times tyy in a system with priority
classes can be calculated by the aid of waiting
times ty obtained from multi-server systems
without priorities.

fumerical results are compared with values of an
event by event simulation, which was performed

on & digital computer.

For the calculation of the mean waiting times
tyr in a queuing system with priorities and an
arbitrary holding time distribution the same
method can be applied as it is shown for constant
holding time in this paper.
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1, INTRODUCTION

For the following types of queuing systems with
priorities there exist formulse for the mean
waiting times :

= Single-server system (n=1) and arbitrary hold-
ing time distribution from COBHAM /&/.

« Multi-gserver system (n>i) and negative expo~
nential holding time distribution from COBHAR
et al. (see e.g. /37, /4/).

The formula for a multi-server system and con~
stant holding time derived in this paper com~
pletes the above mentioned 1ist.

The manner of solution is the following:.

Pirst of all, the mean waiting time in a queuing
system without priorities is regarded. Thed &
single-server system with priorities is consid-
ered.

With the aid of a theorem, which was proved for
single-server systems in /1/, the mean walting
time of each priority class in single-server sys=
tems can be calculated. After this it is shown
that the above mentioned theorem can be extended
also to multi-server systems. Hence the mesn
waiting times of the priority classes in muiti-
=gerver systems are calculated analogously to
those of single server systems.

2. THE SYSTEM
2.1 Description of the system

The properties of the system and the offered
traffic are as follows: ,

a) n fully accessible servers ( n arbitrarily)

b) infinite number of waiting places

¢) the offered traffic is Peissonian with in-
finite number of sources and has ths
calling rate A

d) the offered traffic iz subdivided inte R
nonpreemptive priority classes, where rei
is the highest priority class and r=R is
the lowest priority class (R arbitrarily).
The calls of the higheat priority class
are named 1-calls, the calls of the second
priority class are named 2-calls and s0 on.

e) the waiting calls of each priority class
are served with discipline first-coms,
first-served and they do not leave the sys-
tem without first being served

f) the holding time T is constant end the
same for all priority classes )

g) t?e system is in the statistical equilib-
rium

2.2 Abbreviations

numnber of servers

constant holding time

calling rate

2heT offered traffic

zA/n

number of priority classes

priority class r (r=1,2,...,R)
offered traffic of priority elasa r

R e >3

e



P(>t) waiting time distribution of all calls
" (probability that the waiting time of a
call is greater t)
P(>0) probability of waiting
W(s>t) = P(>t)/P(>0) waiting time distribution

i of the waiting calls

% mean walting Eimc of all calls

by = £%/P(>0) mean waitIng time of the
waiting calls

typ Dean walting time of all r-calls

typ = t4p/P(>0) mean waiting time of the
waiting r-calls

3. THE QUEUING SYSTEM WITHOUT PRIORITIES

First of all it is useful to consider a queuing
system with the properties described in chapter
2.1, but without priority classes. For such a
system CR has derived formulae for the
probability of waiting P(>0), the mean waiting
time ty, and the waiting time distribution W(>t)
72/,

‘His manner of solution is briefly described in
‘the following:

First, he considered time intervals of the length
T gnd set up the equilibrium equations of the
state probabilities P(J) (j=0,1,...=). To solve
this system of equations, Crommelin made use of
4he generating function which is defined by

w(z) = § 23er(d)
320

fséme‘transformations led to an expression for
¥(8), in which the denominator is of the form

1 - gl.eh(1-2) (1)

f ?oflfurther calculations it was necessary to
... £ind the geros of (1)..So the roots B, of the
,wgpllowingyequation must be determined:

: an_é'A(B‘bi) =z 4

or gee™® 2 e"9MT - (with asA/n) (2)

Crommelin showed that this equation for 8 has

exactly n roots B8p; Bis.+., Bn.q 8Such that

[8yl$1. It can be shown easily %hat By=1 is al-

ways a root of equation (2). The other roots

BisosssBpoq Must be determined by an iterative
- method.

With these roots of equation (2) and some fur-
ther calculations Crommelin derived the following
“ Pormulae For the probability of waiting P(>0)

and the mean waiting time:

n = A
e (3)
n1<1~sv)

AVE

=1 2_2
P R A-n"+n
ty Il L ¢ 213217'} o

P(»0) = 1 =

vzl
: 1
te * 00T )
The most simple multi-server system is s system
with n=2 servers. The probability of waiting
P(>0) and the mean waiting time t§ for this par-

‘ticular system are given by the following for-
mulae:

P(>0) = 1 - 24
1
2
e _T[ 1 ., A%e2
by ® x[Irrz * ?13:17]

84 is a negative real value and the relation be=-
tween 84 and a=A/n is shown in the diagram 1.
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4, THE QUEUING SYSTEM WITH PRIORITIES

In this system the offered traffic A is sub-
divided into R priority classes. Each priority
elass has the offered traffic Ar so that

i

A = A

re1 ¥

The service discipline is the following:

Pirst, the waiting calls of the priority class

r=i (i-calls) are served. If there are no more

‘waiting i-calls, then the weiting 2-calls are

served and so on. Within each priority class the
calls are served with discipline first-coms, )
first-served. The service of any call can not be
interrupted by arriving calls of & higher prior-
ity class.

4.1 The single-ssrver system (n=i) -

For the special case of n=1 (singléﬂserver«sys-
tem) the following theorem was proved /1/ : .

ThHeorem: The waiting time distribution function
T Wi(>t) of the walting i-calls (highest
priority) is identical with that dis-
tribution function, which is obtained,
if only the traffic Aq of the highest
priority class is offered to the system.

. For the'mean'waiting‘timamtw»orfthevwaiting»éalls

the following formula holds generally:

by ® [Ttew(t)at = [WOotae , (6)

where w(t) & - Qﬂégﬁl

From (6) and the asbove theorem follows that the
mean walting time ty4 of the waiting i-calls is
independent of the calls of the other prierity
classes, Thus, the mean waiting time tyg cen be
calculated as in a single-server system without
priorities.

To calculate the mean waiting times of the other
priority classes, the calls of the priority
classes gr, or <r respectively, are regarded as
one group. The mean waiting time of the calls of
such a group is independent of their service
discipline. Purthermore, with (6) and the theorem
follows that the mean waiting time ty(gr), or .
ty(<r) respectively, of this group is independent
of the calls with lower priorities. So the mean
waiting time ty(sr), or t,(<r) respectively, can
be calculated each in the same manner as ty4.

Therefore, the mean walting time ty; of the
waiting r-calle can be derived from the following
equation:

A
%{%ﬁ%»tw(<r) + KT%FT'twr =t (sr) (7

1

e r
with A(<r) = § Ay , A(sr) = ] A
is1 i=1

Equation (7} holds true because the ratio
A(<r)/A(sr) of the waiting calls with priority
classes sr has the mean waiting time t,(<r) and
the ratio Ap/A(sr) has the mean walting time tyyp.
From (7) tyy can be obtained easily as

A(sr)et (gr) = A(<r)et, (<r)
yr ® L (8)

ty(sr) and ty(<r) can be determined as in a sin-
gle-gerver system without priorities.



4,2 The multi-server system (n>1)

Section 4.1 dealt with a single-server system.
To calculate now the mean waiting times typ in a
system with n>1 it is shown in the following
that the theorem of chapter 4.1 is also valid
for a multi-server system:

Two separate systems (I and II) are regarded,
each with n servers. To each system a traffic A
be offered. But to one system (II) an additionai
traffic Ay be offered.

System I ¢ Only the traffic A4 is offered. There
are no priority classes. The calls arrive with
the TIme independent calling rate iq. If all
servers are busy, there exists a blocking intep-
val. During such a blocking interval an arriving
call is set in a waiting place. The probability
that the new call is set in the waiting place §
shall be WI(J). Then it is

PCOy, = 1 W)

where P(>0)| is the probability of waiting if
only the traffic Aq is offered to the system.

The conditional waiting time distribution of that
call, which was set in the waiting place J, shall
be W(>t|j). Because the waiting calls are always
served with discipline first-come, first-served,
V(>tlj) is independent of A4 and Wy(J). Then, the
wui: nf time distribution function P(>t) of all
calls is

P(>t) = J§1w(>tlj)~w1<3)

The waiting time distribution function W(>t) of
the waitinf calls is then obtained by division
with > A H i

1

WOt) = ?T?%7Tjj HASCIER A IS

System II : There are two priority classes. The
o*?erea Traffic Ay has the priority rzi and the
additional offered traffic A, has the priority
r=#2, In'this system the calls are arriving with
the time independent calling rate A4 or Ai
respectively. A blocking interval arises ¢ all
servers are occypied by i-calls or 2-calls in an
arbitrary mixture. During this blocking interval
a i-queue, consisting of one or more l-calls,
may be built up and may be served step by step.
This "birth™ and "death" of the considered
l-queue is independent of already waiting or lat=-
er arriving 2-caells, which are served always
after the waiting i-calls. Hence, the time depen-
dent behaviour of the considered i-queue is onl
a function of the Poisson input process with the
calling rate A4 and of the termination process
of n occupied servers. Because the termination
process of the 2-calls and the i-calls is ex-
actly the sams, the existing l-queue is in no
respect influenced by the 2-cglls. So ¢the time
dependent behaviour of a il-queue in system II is
exactly the same one as in system I. Only the
average number of i-queues, built up per unit of
time, depends linearly on the global probability
of blocking P(>0)|s = f£(Aq+hy,n). Thus, the num=
ber of i-queues in system II is incressed as a-
gainst the corresponding number of i-queues in
system I by a factor

PG>0,

P‘)U”A‘

with A = A1 ¢ A2
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In system II therefore, the probability ¥Wrp(d)
that ean arriving i-call is set in the waiting
place J gets

Hpp(3) = Pewp(d)

Owing to the service discipline of the waiting
calls the conditional waiting time distribution
function W(>t|j) of a 1-call in the waiting place
J is independent of A and Wyy(Jj). Then, the

gait%gg Eime distribution function P1(>t) of all
=C8& 8 3 2

P,(>t) = 7 Wit j)?w (3) = F-n W] ) eWe (§)
1000 = L WOE Hy(9) = we] WOl

P(>0)], =
?1(>?;) 2 W 5§1W(>”3)'VI(J)

The waiting time distribution function W.(>t) of
the yaiting i-calls is then obtained by Aivision
with the probability of waiting P(>0)],

= 1 ® N ° '
W, (>t) = PO, jzlw(nlj) W3] (10)

Equations (9) and (10) are identical and so the
theorem of chapter 4.1 can be also applied on a
milti-server system.

It should be noted that this theorem is valid for
an arbitrary holding time distribution,provided
that the holding time distribution of each pri-
ority elass is the sams!

By applying the theorem of chapter 4.1 in connegc=
tion with equation (6) on a multi-server system,
the mean waiting time tyq of the walting i-calls
can be calculated with equations (%) and (5) :

S S SR i RO
ty1 TS = oo 1
wi i > A; v=1 v n=34
n - Ai
with  P(O)|, = 1 = = ( )
i (1-8
vsi v

For the mean walting times typ of the lower prie
ority clagses then equation Yﬁ) is also available
for a milti-server system. With equations (%),
(Si and (8) the following formula for tyy is ob-
tained 3

T
- (1a )2-n2+n
by = T P(>0)? (n 11—% 22 YF
r A(gr) \v=1"" vl 2(n=§ A.)
vei v
re=1 -Il( 12
[“'1 1, (vzlkf)zcﬁzon]
PO a(em ot 1 Bz 2(n-rE1A \
' ve1 ¥ ]

In this expression B,4 are the roots of equation
(2) if A is replaced there by A(<r) and 8,7 are
the roots of the same equation if A is replaced
there by A(<r). E

The probabilities of waiting P(>0)|p(gp) -and.
P(<0)|g(<p) are determined with equatfon (3) as



P(>0)|A(5r) 2 | =

and
=i
n- ] A,
- V=i
P<>0)lﬂ(<!) - 1 - ne
E (1°Bv2)

v=l

'he mean walting time of all re-calls is then
® L
thr ® PO ot

jome results obtained from equation (12) are
shown in the diagrams 2-9 gnd are compared with
she corresponding results ¢f an event by event
simzlation. The values of the simulation are de-
sermined with & 95%-confidence interval. As it
:an be seen from the diagrams, the calculated
ralues for the mean waiting t{mas tyr are situ-
ited very well within the 95%f-confidence inter-
rals of the simulation.

ittention should be paid to the following problem:
In the case of many servers (e.g. n>5) and a
small offered traffic A4 ( e.g. 44<0.5) the de-
rermination of the roots 8, (contained in (11))
mist be done with high accuracy because in this
:g8¢ & small inaceuracy of B, causes a remarkable
Inaceuracy of ¢ (see the small valuses of Aq in
the diagrams T- }. Prom equation (8) it can be
seen easily that the mean waiting timees of all
sther priority classes are influenced by this
Inaccurasy of tyq.

5, CONCLUSION

In this paper the mean waiting times of a queuing
system with constant holding time and priorities
are studied. A formula for the mean waiting time
tyr of each priority class is derived.

With this formula the mean waiting times tyr can
be determined with waiting times, which are known
from queuing systems without priorities.

The ecalculated values are situsted very well
within the 95f-confidence intervals of values,
which are found by simulation.

In the case of many servers {e.g. n>5) and a
small offered traffic A1 (e.g. A1<0.5) of the
highest priority class the accuracy of the cal-
culated values tyy depends strongly on the accu~
racy of the iterative determination of the

roots By.

Finally it should be noted that the theorem of.
chapter 4,1 is valid in systems with arbitrary
holding time distribution, provided that the
holding time distribution of esch priority class
is the same, If this condition is satisfied, then
equation (8) holds true alsc for the mean waiting
times typy in a system with arbitrary holding
time. Thus, the values of ty, in & system with
arbitrary holding time can be obtained by the
same method as it is shown for constant holding
time in this paper.
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