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ABSTRACT

Multi-stage connecting arrays with conjugated
selection (link systems) are used,among others,
in modern telephone exchanges for traffic con-
centration. An approximate grade-of-service
calculation method is presented for such link
gystems having an arbitrary number of stages
and unlimited queuing (delay systems) or
limited queuing (combined deley-loss~systens).
The calls of a finite or infinite number of
sources are operated in point-to-group selec-
tion mode (one outgoing group only). Holding
times are distributed negative exponentially

or constant. Por delay systems the distr. fune~

tion of waiting times is derived. The calcu-
lation results are checked by simulation.

1. INTRODUCTION

In many switching exchanges the information
flow to centralized conirol devices is switche-
ed via special link systems., The accessibility
to the outlets of these link systems is full
or limited. The same holds for link systems
connecting and concentrating the traffic from
subscriber lines to the inlets of traffic dis-
tribution link systems. These subscriber link
systems are often operated as delay systems
despite the fact that the approximate dimen-—
sioning is done as if they were operated as
loss systems,

As to gingle~stage arrays, reliable methods
have been developed for the calculation of the
grade-~of-service in case of systems without
gueuing (loss systems,/13/ ) or systems with
queuing (delay systems, combined delay-loss—
systems,/6,8,9/ ). Formlae for link systems
without queuing are also available /71,7,70,11,
link

12/, but there is little known about
systems with queuing up to now /4,5/.

In Chapter 2 a detailed description of the in-
vestigated link systems is given. In Chapter 3
the basic ideas of the approximate caldulation
method are outlined. Chapter 4 shows compari-

gons of calculated results with simulations,

2, LINK SYSTEM PARAMETERS

2.1 Structure: Fig,1 shows the structural para-

meters ot a traffic concentrating link system-
with queuing. The link system consists of S>2
stages, In a considered stage No.J all g3 mul-
tiples have ij inlets and kj outlets. In front
of each firs t-stage muiltiple an unlimited
(delay system) or limited(combined delay~loss—~
system) number of waiting places s is provided,
The outlets of a multiple are wired to the mul-
tiples of the succeeding stage in a sequential
or cyclic way /1,2/. As a rule, link systems
are subdivided into modules (link blocks,
cf.Fig.1). The n outlets of the last stage
belong to one outgoing group.

2,2 Operating mode: Whenever a call arrivas .
an inlet of a first-stage multiple (startoo..
tiple at the expanded side of the link
system), the link system control tries to <.
an idle path from this fixed start-multipls .
an arbitrary idle outlet of the link syste-

using the point~to~aroup selection moda, o
outlets of a muil%iple are hunted soqientisls,
from home position., If an &rriving call oo
be served immediately, this blocked call oocy
piles an idle waiting place in front of iig

start-multiple, In case of limited queuing a
blocked call is lost if the available waitins
places are fully occupied. ”

Waiting calls are served acc,to the interqueu
discipline RANDOM (selection of one out of +%
81 queues,cf.Fig.1), and within each queus ace
to the gueue discipline FIFO. A walting call
occupies both a waiting place and an inlet of
its start-multiple. During the service tine,
call occupies a start-mltiple inlet, corre-
sponding links and one outlet of the link
system, but no waiting place,

2.3 Arrival and service processes: Two types

of arrival processes are considered.

- POISSON input: An infinite number q of
sources generates the offered traffic A/g
(mean) at each of the gy first-stage mul-
tiples. The total call rate A is constant
and independent of the number of busy
sources., The interarrival times are distri-
buted negative exponentially.

~ BERNOULLI input: A finite number g of
sources generates the offered traffic at
each of the g1 first-stage multiples., Fach
idle source has a constant call rate «t. The
idle times of an individual source are dis-
tributed negative exponentially.

The independent
random. For all
paper holds the

sources start their calls at
link systems studied in this
model q = iq (1

The service process is characterized by nega-
tive exponentially distributed holding times
(mean hg or constant holding times h, resp.

e Stage 2

e S,tage J LR

Stage S5

Fig.?:Gener&lstructureofeulswstagelinksystm
for traffic concentration with queuing.
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2,4 Characteristic traffic parameters: In link - In the small example of Fig.2 the connection -
 pystems with queuing, the grade-of-service is , &raph is marked by heavy lines:

characterized by the offered traffic (4), car— | Stage 1: &y = 1 (mltiple 1a = a4
_yied traffic (y?, prob.of delay (W), prob.of —EAE f‘ ( P ) 21 4
+loss (B), prob.of call congestion (C), mean Stage 2: gp = 2 (mult.2a,2b) 3 Do =6
1 queue length (2), mean waiting time of offered ] o= . -
f calls (w) or of waiting calls (ty), and the - Stege 3: gy = 3 (mlt.3a,3b,3c), ny =12
distr.function of waiting times of offered ] .= -~
calls W(>t). It holds .y, p (2) Blage 42 g4 = 2 (mlt.da,d) , & =10

I'By means of the connection graph the struc-~
tures of the subsystems T1,To4.Tg are evaluated
. from the link system structire:

;3. APPROXIMATE CALCULATION Sub s o 1 el : 5 & 1
X : : _ Subsystem as a single-stage structure an
4l General: In this Chapter the new approxi- Ery TioniIoal to the storioma topse of the con~
-, mate calculation method is presented.The basic ' nection graph (mult,la in Fig.2§.
"idea (introduction of an effective accessibil-
y 3ty kerr) is well knowm from its successful
- application to link systems without queuing
;/11),2/‘ and from an earlier approach for link
. systems with delay /5/.Here for the first time
. the CLIGS-A formula of kees /1,2/ is applied -
: to link systems for traffic concentration and . : gj,Tj = gj (5)
» ' queuing, with . ‘

Subsystems T9,23..,TS have a mlti-stage struc-
ture. Subsystem 15 consists of j stages with

8y, Tj multiplesi?nstage_ No.v « The last stage
oF stbsysten Tg- consists of the §j conmnection

graph multiples in stage No.j :-

-~ finite or infinite number of sources q Thus,subsystem T: has a total of }?J' outlets,
¢f.Eq.(4). The prececding stages J=1,30-2,44,1

- llm?‘ced or unlim. z.mmber of waiting places s of subsystem T3y consist of those link system
er first-stage multiple /7/., : ‘mliiples, which carry traffic to the W. out-
lets of subsystem T; . J )

The approximate calculation method is based on
the following considerations: Upon its arrival . (— SUBSYSTER T,
at a first-stage multiple (start-multiple) [ SUBSYSTE T
- & call is blocked ‘ r 3

- = in the first stage, if all k; outlets of the
- 'call's start-multiple are dbusy;
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= in an intermediate stage No.j (1< j<38s), if
there exists at lcast one idle path irom the
arriving call's start-mltiple to at least
one multiple of stage No.j,VHEREAS the call
cannot find an idle link from this stage No.J
to stage No.j+1; ,

= in the last stage, if there exists at least
one idle path Irom the arriving call's
start-mltiple to at least one mltiple of
this last stage,WHEREAS the call cannot find
en idle trunk of the outgoing group. l

Call congestion in any stage No.j (1€ j<S)
eccurs only, if ij > kj (3)
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Fige.2: Example of STEP 1 {Decomposition into
f subsystems). s Connection graph

{__._......_.._.____.__..
;.a
ral
L1 :
L ad

':f..,e.if the traffic is concentrated in that stage.

Call congestion is assumed to occur statisti- L 2 a' ﬁE‘f al =4, Y‘;z—f—

cally independently in any of the link system )

stages No.j . First,the calculation of the con-

gestion probability is done separately with , {Ek .

regard to each link system stage No.j by means M L7 . .y

of a corresponding "subsystem" T;. From these .2 . 1 ny, = 6, Y= =5
‘subsystems results then the link system re- —e 051 ] 412050 ps

sults are composed. In Sections 3.2 to 3.5 £

this method is explained in detail.

o ’ ] "'"r.;- ; \w

3:2 STEP 1 : Decomposition. Thé subsystems e fd]] Tifelfersg -
. Tq,Tp. 15 are part of the original S-stage link . R —— gl-
- system. To get the subsystem structure, a . s 1 A,
' cgnnection graph is dravm from a first—’-stage M ED 1R Ferr E |nje10
. multipTe (start=multiple) to the link system 4 o o vy
coutlets., This graph contains those multiples, s . .i"‘. Kera g |4
~ links and outlets of the link systen, to which »ﬁ:‘._fM Sl -
& call might have access, when arriving at the _ SV
considered start-multiple. ; 3. il Kares -

In stage No.j the connection graph consists el

ef 7; mltiples with a total of outlets ' .
&; o ¥ ° Ml Mou tets Fig.3: Ixample of STEP 2 (Mapping each subsystem
ng = gjk; (4) on an equivalent single-stage system).
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For the link system in Fig.2 holds
~ Subsystem Ty (single-stage structure):
g1,71 =81 =1 (mltiple 1a)

“Subsystem Tp (two-stage structure):

g1,72=2 (m.13,1b), g2 pp=E2=2 (m.2a,2b)
Subsystem Ty (three-stage structure):

g1,13 =4 (mda,1v,1c,1a), g 3 =4 (w2a2b,2c,2d)
83,T3==§3==3 (m.3a, 3b, 3c)

“Subgysten T, (four-stage structure): ‘
g1,14 =4 (mJa,ib,1c,1d), 2,14 = 4 (m.22a,2b,2¢c,2d)

83,043 (m3a3b3c), g4 14=84=2 (mn.4a,d4b)
The carried traffic Ypj , which flows through

the subsystem Tj, is calculated as a part of
the total carried traffic. Y <flowing through

‘the link system: YTj==Y'gj,Tj//gj

In Eq.(6) a balanced traffic distribution is
assumed among the multiples in each link
system stage. ' : '

3.3 STEP 2 : UVapping. The equivalence of the
single~stage system My with respect to the
corresponding mapped subsystem T4 is such that
both are characterized approximately by the
same value for congestion probability Cj at
& .prescribed carried traffic on their outlets.
If in a considered stage No.j the multiples do
not concentrate the traffic, nocall congestion
can occur in that stage,cf.Eq.(3) :

. Cj=0 , if i.<lk; (7)
In this case the corresponding equivalent
.single~stage system Mj is out of interest.

" Subsystem Ty always has a single-stage struc=-
ture (one multiple only);therefore the single-
stage system M, is identical to subsystem Tq .
Regarding the multi-stage subsystems Tp..Tg,
the following mapping rules are observed:

~ gystems My and T;

have the same number of
outlets n* =n.

iTh (@)

-~ These n§ outlets of single-stage system Mj
carry the same amount of traffic as in sub=-

systen T € _ .

J Y’J‘ Ypj

= The equivalent single-stage system My con-

sists of gi.multiples which equals the num-
33

ber of muliiples in the first stage of the
corresponding subaystenm 1 .
. e
85 =81,7j (10)

- Each of these g? multiples has kerpfjoutlets,
~ The effective accessibility keffj 1s derived

from structure and carried traffic of sub-—

system Tj acc, to the method CLIGS-A as ex-—

plained in /1,2/, cf.also Annex of this paper.

~ The Kerrj outlets of the g? multiples are
agsumed to be graded by a hlgh—-efficiency
grading ("Perfect grading") to the n4 out-
lets of system My .

If these rules are applied to the four-stage
link system in Fig.2, then n¥, Y} and gf are
obtained acc. to Fig.4 . In Fgg.J the corre~
sponding single-stage systems My,Mp and by are

shown. Single-stage system M3 is out of inter-:

Ost, ag l3-'-=k3 3 CfOEQo(’]) L]

(6)

(9)

Single- | Number of Carried | Number of
stage outlets traffic multiples
systen | Eq.(8) Eq.(9) Eq. (10)
®_ _ * 1 * _
M, ny=4 (=kg) | Yy=Yeg | gi=gy py=1
' ® =Yook | 2= =
My |np=6 V=Yg | 858 pp=2
M3 No mapping, as 13==k3==4, cef.Eq.(7)
#* _ # . * .
My | ng=10(=n)| Y=Y | gy=g g, =4

Fig.4: Mapping rules applied to the
four-stage link system in Fig.4 .

3.4 STEP 3 : Calculation of single-~stage aygtems.

Acc.to Sect,.3.3 the structure and the carried

traffic of each equivalent single-~stage system

Mj (1< j<8) can be determined, From the orig-

inal link system further parameters of the

single~stage systems are known:

Q.. onumber of sources per multiple

8.« .number of waiting places in front of each
mltiple

iq«snumber of inlets per multiple (iy =q).

Thus the grade—of-service can be calculated
for each single-stage system M:, based on the
prescribed carried traffic Y3 ."There exist

well known calculation methods /6,9/ for
Wjeeoprobability of delay

Bj...probability of loss .
Cjesoprob.of call congestion, Cjy=Wj+B; (11)
Wjeo.omean waiting time of offered calls

W (>T)...prob.that an offered call has to wait
longer than v, with normalized time t
ace, to ; ' T=t/n (12)

Fig.5 shows, that in some cases these values
can also be looked up in tables.

Type of DELAY SYSTEM DELAY-~LCSS
gingle-~stage ’ ' SYSTEH
gueuing model PCT1 |PCT2 |PCT3| PCT1|PCT2
M13
single~ full /8/1 /87| /8/1 /8/| 5.2
%ugue ) access y /3; /3/
gy =1 14,15

! 716,177/
MyeolMg: full :
mﬁlti» access ' /8/] 5.4
queue limited o
xSy mecese | /| 42| /8] 530 5.

Fig.5: Single~stage queuing models.
/es/ Reference on a table booke :
X.y :Formulae given in Section x.y of /6/.
PCT1:POISSON-input, neg.exp.distriv.
PCT2:BERNOULLI~input, holding times
PCT3:POISSON--input, const.holding times

3,5 STEP 4 : Composition of 1ink system results, -

The call congestion C of a link system is as-
suned to occur statistically independently in
the S stages of the link system. Therefore,ths
value of C can be composed by the call coen-
gestions C1;Cp..Cg calculated for the cquive
alent single-stage systems Mi,Mp. MS,cfeEq. (13).

10.6-246
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Call congestion in stage 1] ¢ = Cy -~ (132)
Call congestion in stage 2
(simultancously no call

" congestion in stage 1)
Call congestion in gtage 3

(simltancously no call
congestion in stages 1,2)

+ A(T—C‘] )'C2

+

(14 )(1-Cpd-C4

Call congestion in stage 8
-~ (simltaneously no call
congestion in preceeding
stages) ,

+

S
o Cmeades

s
From Bg.(13a): C=1 - TT (1-03) (13v)
d=1

The product in Eq.(13b) represcnts the proba-—
bility that call congestion does not exist -
in any stage of the link system.

Further chéracteristic values are analogously
calculated from the single-stage results:

Trob.of delay W=+ (1-CqWp+ (1-C1)(1-C2)W5

) S-1
.ee +ﬁ (1~CJ)WS (143)
J=1 ,

5 j--1 )
lees W=V 43T wj.%‘T (1~c;)  (14p)
' . =2 i=1

with Wy prob.of delay in single-stage system Mo
For unlimited queuing holds W=C (14c)

B=Bq+ (1-C4)By + (1-C1 }{1~C2)B;3
S--1 . ‘
o 44}:1; .(1-<>J-)-}3S

Prob.of loss

.‘(15a)

. : S J-1 - '
ices B=By+ 3 BjTT (1-c3)  (15Dv)
S I=2 . % =1 \
with Bj prob.of loss in single-stage systen Mj.

For unlimited ciueuing holds B=0 (15¢)

Offered traffic A=Y/ (1-B) (16)
with Y prescribed carried traffic of 1link system,
Distr,fct., of waiting times of offered calls

S -1
W(>T) =W (>T) + 2’”-;\7;;<>?>"F§<1-Ci> (17)
o J: 1=

with \'{j(>‘r) distr.function of waiting times
of offered calls in single-stage system Mj B

Kean vaiting time of offerecd calls

S
W= b ST vy
J=2
with wy mean waiting time of offered calls
in single-stage system My

i1 :
TT (1-¢4)  (18)
i=1 .

Viean waiting time of waiting calls
ty = i/ W

Yaon oveuo lensth Q= A«w/h

with h meen holding tims,

(19)
(20)

4 COMPARISON WITH SIMULATION

In Fig.6 simlation end calculation results

- are compared for link systems with an infinite

number of sources and neg.exp.distr, holding
times.In Fig.6{a) the distribution of waiting
times W(>’C“S; and also the mean walting time w

. of offeredcallsare given for link systems with

unlimited cveuing. Fig.6(b) was obtained from a

- four-stage Link system with limited gueving

(s=1 waiting place per mltipic). Bimnlation and

~calculation show good accordance,

o (M2 €3 e g e
ke m I »36- Wer)l iy [ =50
b 6 12 510 ]
[} ®Blocks 10 -
0.2~ 'n*“'\“é’\ )
R m\ : - §\
]
00 § ' Y= 31.3 Y L ?7\5%“‘1
H s ' \§ w/h e w/h = \
£.0970 nin., g 0.2646 5im, [N\
0.02 \§ 0.0974 calc. \ 0.2456 cale, N
0.01}- \§ {
: N
0,005 AN : \
Y = 25.2 f\ Y = 42,5
RPN PR Y - O - h = e \o
0.002 g./()gf‘_\ sim, \ (’):{)248 sin, l
T 0.0031 calc. 0.0247 cale,
©.001 - o
I L
- 0,0005 ' e T~
! Y 0.5 1 1.5 [} 1.5

5 1

(a) Distribution function of waiting times of
offered calls W(>%); delay systems.

if e it 1
DJe =l &5 3
g
0.5-I--D ]EiL ,1_.1 1230 o] K}/—{‘t-o.s
W 5 6 9 5 Tw
B ®Blocks DBlocks
0.2 W 0.2
0.4 ‘ I é/--—« 0,1
LI By s
0.05 M% §/ L] /(2 0,05
0.02 g 0.02
B
0,01 0,01,
r/ : e
; 0.0057 0,005
0,002 0.002
{ Y.
0.001 Z , n 0.601
0.65 0.7 0.8 0.9 1.0

(b) Prov.of delay W, prob.of loss B, norm,mean
waiting time of waiting calls Ty =1y/h}
combined delay~loss—system.

Fig.6: Calculation end simulation results.
Y : Total carried traffic
o= Calculation (cf.Chapter 3)
§ Simulation (95% confid. intervals)
RBunting: Homing selectors in ell stogos
Wiring /1,2/: (a)scquential, (b)cyclical
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- In this report an approximate calculation method
‘is presented for traffic-concentrating link sys-

tems with queuing, point-to-group selection and
one outgoing group. Mean values as well as the
distr.function of waiting times are derived. The
link systemresults are composed by simple for-
mulae from single-stage systems results which
may be looked up in delay tables. Calculated
and simulated results are in good accordance,
regarding link systems with wnlimited queuing
(delay systems) or limited queuing (combined
delay-loss systems).Considered is a finite num~
ber of sources withneg.exp.distr.holding times,
or an infinite number of sources with neg.exp.

distributed or constant holding times.
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ANNEX: EVPECTIVE ACCESSTBILITY

I

In /1,2/ a formula has been presented for the
" effective accessibility of link systems with
point-to-group selection mode and without queu~
ing (loss systems). Extensive studies have prov-
ed, that this method CLIGS~A can also be

- applied to link systems with queuing (delay

systems or combined delay-loss systems). ’

. Pollowing the calculation concept of Chapter 3,
. for each rnulti-stage subsystem Tj an effective
accessibility kerrj 1s derived, with

Jessesonumber of stages of subsystem Tj

&y, 7 e -numb.of mltiples in stage No.v of Tj
! (serial index v=1,2,.j

iyykyesnumber of inlets,outlets per multiple in
stage No.v .

fijeeeoonumber of outlets of subsystem Tj
‘YTJ...,proscribedcarriedtraffic<nlﬁj outlets

Yeeoesaprescribed total carried traffic on the
‘ n outlels of the link system

Acc, to method CLIGS-A /1,2/ it holds in case
of one outgoing group

keppy = FFjekj+ BFjekye (Yp3/ny)£5 | (21)
. j~1
with free-fan FF; ::E (i, ~Y/ g, ) {22)
’ i
limited by E(kv ~Y/e) <eip1,py  (23)
" and busy-fan BFj==min(gj’Tj;3:§ k,) - FFy  (24)

and factor fj==1/kj (fan~out structure) (25a)

woor £5= (15-Y/g5) /k; (meshed struct.) (25b)

"fan-out" staonds for at most one path, and
"meshed" for more than one path leading from a
Tfirst~stage multiple to a certain multiple in
the last stage (stage No.j) of subsystem T
A subsystem'Tz is characterized either by
full accessibility (keffj::nj) or by

limited accessibility (keffj<<ﬁj).
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