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1. Summary and Introduction

For economical reasons modern switching networks
for telephone arrangement are often built up as
nulti~stage arrvays. Most of them are controlled
by conjugate selection i.e. links are only ocou-~
pied if they can reach a free outlet. Such
systems are called link systems.

For link systems with loss a large number of
procedures is known to calculate time congestion
and call congestion. An analysis of these methods
can be found in a paper by X. Kiinmerle [1].

Very little is known about multistage link
systems with waiting. So far only some studies
of waiting problems in two~stage link systems
have been made by E. Gambe [3]. This study deals
with link systems where incoming calls can wait
in front of the multiples of the first stage.
The number of calls in these queues is assumed
to be not limited.

In delay systems the most important guantities
for characterising traffic problems is the pro-
bability of delay and the mean waiting time.
These quantities can be obtained from the proba-
bilities of state of such systems,

In this paper a number of methods is presented

to calculate the probability of delay and the
mean waiting time for link systems with waiting
consisting of two and more stages. It will be
shown how methods for calculating call congestion
of link systems with loss can be generalised and
applied to link systems with waiting.

Artificial traffic trials are used to prove the
formulae derived.

2. Assumptions

For the link systems studied in this paper the
following assumptions are made:

1. Calls originate from infinite sources and of-
fer a pure chance traffic A (Poisson input)
to the multiple (i=1,2,.9.,g1) of the first

switching stage.The traffic A is equally
distributed to g, multiples, such that
A1=A/gl.

2. In case of internal blocking or all outlets
busy an incoming call enters the gueue in
front of the corresponding multiple of the
first stage.

3. As soon as one of the occupied outlets becomes
free one of the waiting calls without inter-
nal blocking to a free outlet is selected at
random and is set up.

4. Random hunting for free links in all stages
(j=1,2,...,s) and for free outlets is
assumed.

5. All waiting calls remain in the gueue until
they are served. The number of queuing calls
is not limited.

6. The holding times are independent from each
other and exponentially distributed,

P(>t)=e-t/tm, with the mean value of tmo
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3. Two=-stage Link Systemsg for Pregelection

In this section a method will be shown which can
be applied to two-stage link systems with prese-
laction and loss. Later, this method is genera-
lised such that it can also be applied to system
with waiting. There are special structures of
two~stage systems for which this method yields
exact sclutions. For other practical systems
extremely close golutions are obtained as compar
with the results of artificial traffic trials.

queues

Fig. 1 Two-stage link system

Apart from the assumptions about the traffic and
the serving disciplin only the following restric
tion is made:

The probabilities pl(xl),pz(xz),...,pgl(xgl) of
occupied lines in the multiples 1=1,2,...,g1 of
the first stage are to be independent from ~ each
other.

Some further notations

X number of occupied outgoing
trunks
xy number of occupied links of

multiple i stage 1

probability for Ry links of
multiple 1 busy

plxy,%y,...,%x_ ) probability of the state

9 %y ;Xopeeo,x_ }
1772 9,
Sy number of calls offered per
i unit time to multiple i
Aich . he traffic offered to

i multiple 1.

3.1 Link Syatems with Loss

3.11 A new Method using wquations of State (ECPL
(Equations of State for the Calculation of two~
stage Link Systems for Preselection with Loss)

In order to get the probabilities of state for a
system with loss all the transition probabilitie
from within a state {xl,xz,...,xg } into all

1

neighbour states and the transition probabilitie
from these nelghbour states into the state
{%,,%5,...,%_ } have to be considered.
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{xl-l,xz,..‘,xg‘} {:',xz,,.,,xg‘-l}
-\§\ //‘
{x‘,xz,..,, xh}
1 /‘;/ \

{x'o,rz,...,xh} {'I"‘z"""‘g"']

Fig. 2 The neighbour states of {xl,xz,.ﬁ.,xg }
1

Transitions by which the state {xl,xz,...,x }
disappears 9
(a) The transition

{x,,x?, SN, .‘.,x"]..{x‘,xz, R -I,...,xgl}

The probability for the state
{xl,xz,...,xi,...,xgl} and the transition

‘into the state {xl,xz,...,xiwl,...,xgl} by

termination of a busy trunk in multiple i
during the time (t,t+dt) is

;i,...,xg‘ni-i“-.oun (1)

plrg, %y, ..., o

In eq. (1) the termination probability of an

occuring call during dt is xi%E . In the
m
function o(dt) all terms of higher order are

included.

(b) The transition
{x‘,xz,‘..,xi,..,_,x"}g[x' RPN ol,...,xh}
The state {xl,xz,...,xi,...,xgl} will change
into the state {xl,xz,...,xi+1,...,xgl} i€
an offered call to multiple i can find a free
trunk. The transition probability during

(t,t+dt) is given by the following expres-
sion:

plx,,xz....,:i,.,.,x")'u‘ "1'*?""'i"""g|) ~(:Ai ~dteotldt) C (@)
The function ul(xl,xz,...,xi,..,,xgl) is de-

fined as the passage probability that an in-
coming call of multiple i in the state

{xl,xz,a..,xi,...,xgl} can find a free

trunk. If the call is successfull u1=1
otherwise ulao.

fransitions by which the state {x,,x,,..,x_ }
riginates 9

(a) The transition
{'!"2'“""5 . 1,...,:9‘)..{1(1.::2,“ .,xi,...,:"}

A link of multiple i becomes free by a ter-
~mination of a busy trunk during (t,t+dt).
The transition probability can be derived
similarly to eq(l).

p(""'z"“"i"""-"g,”’i’”'%’ o{dt) (3)
(b) The transition
{x', LPYRTRNE P """"m}" {’1"‘2"""1‘"“"“}

An offered call to multiple i will find a
free trunk with the probability
ul(xl,xz,...,xi—l,,..,xgl). Similar to

eq.(2) the transition probability becomes
plx',xz,...,x‘- '""""g‘)‘lll"i"'z"""i" """Kh)'c“i.“ e oldt) (4)

'he Equations of State

£ the system is in the state of statistical
quilibrium the sum of the transition probabili-
:ies from within the state {xl,x?_,...,xi,.,,xg }

8 equal to the sum of the transition probabi»i

ities into the state {xl,xz,...,xi,.y.,xgl}.
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. eq.{5) can be split

In eq.(1),(2),(3),(4) only multiple i was consi-
dered. To get all the transitions of the neigh-
bour states the transition probabilities of
eq.(1),(2),(3),(4) have to be summed up from i=1l
to i=gl.

)
Z‘ PUR XXXy ) e
i ' (5)

91
. O dt
+ Z Nx\”‘z"""i""“g‘)u"(li'XZ'”'“l“ ,xg‘) cAidh ofdt)
izt

il dt
= Z Dlx‘,xz.--..xid.u.. xgl)' (LR ”'Tm“ ofdt)
et

9
+ Z CTENE S ARSI 1)~p,‘ ), %g0eo0X; -|,..‘,x9‘)cAi- dt
izl

With the already made assumption of independence
of all pi(xi) the following equation holds

91
M . (6)
p(u,,xz,...,xg') Pyl x,! pzlleu. pg,“n," ‘““‘ Py (Ri )

it
For infinite small time intervalls dt + o the

function o{dt) + o. If eqg.(6) is applied to
eq.(5) and with A =c, -t one can show that
i

into two parts

94
ZMx',xz.m,uﬁ,...,x“)-xi (7a)
izt

. 94

s :"""1"‘2'-“-‘5""“»“g,"”,"‘v"z--“"e"'-""‘g,”“a

isf
93
}:P(lpxzwu.xio1,-...xg‘)!xi~H (751

81
- Z: p(x,,xz,...,x’i,...,xgi)-pt(xl.xz,” ""i""-"s|"Ai

iaf
From eq.{(7a) it may be observed that the transi-
tion probabilities of eq.(l) and eq.(4) are
equal. The same applies to eq.(2) and (3).

‘Both eq.(7a) and (7b) give a set of linear equa-
‘tions from each of which the probabilities of state

can be calculated. The number of unknowns can be
congiderably reduced by using conditions of sym-
metry together with the effect -of eq. (6).
Knowing the probabilities of state

p(xl,xz,..a,xg ) the call congestion can be cal=-
culated by

bt DU LT
8= Z: Z E }: P"‘v"‘z"""‘ir-w“g"‘“"F"' (LT PHREAE TR ‘.,x"))lg'

#s0 xzia ﬁu:o et (8)
together with the limiting condition
81
2,2 2%n (9)

isl

3.12 A newiterative Method (ICPL)
(Iteration Method for the Calculation of two-
stage Link Systems for Preselection with Loss)

In this section aniterative method will be shown
for calculating the probabilities of state and
the call congestion. For a system with n out-
going trunks in this method only (n+l) unknowns
occur. From (7a) or (7b) the probability for

g
R= Eé'xi outgoing trunks busy, p(x), may be
i== "

obtained from



by Hy kg

plwls= Z Z Z "(xl"z"““g,’ (1.0)

x':D xzco x’;o

Again eq.(9) has to be considered. If the sum-
mation of eq.(10) is applied to eqg.(7a) one gets

ky & K 0 - (11
Mx%ng ‘z.o‘-';}:.o ‘Z-:‘ P“s"zw--“a",...-"q,"un(“v"z"»-e”s".n.~.“g,)‘e
o

Now, equation (11) is extended on the right hand
gside by A-p(x-1) and the global passage probabi-
lity is introduced by

ky Ky kg
Z ZZ: Z ’“‘ll"r"""i"‘"‘gl"‘ﬂ(‘r“g“*"i"“'"g,"“i

Hal 2ol x 20 j=}

{x} - i
Ki=
# Kk Ky
A . X: Plr,, %, ...,x_}
X308 x 30 %20 v 9
f 2 N (12)

so that one gets
p(x) *x=A.p(x~-1) *u(x-1) (13)

Recurrence relation (13) has the same form as
the relation for statistical equilibrium of a
single-stage system.

From eq.(6) the following series can be derived

-

94
’1(“' plo)

\ (14)

p‘(l): ep )

gy py Lol 91T
1

] g2
p, (2} s ol {pﬂh—-w-—«—'-‘-l-——-—-‘p(o) ! ) (Hz}
' 8y Py Lo) 0y (gy- 21 20 1 1

With the algorithm given below an iteration
cycle is started off with an approximate solu-
tion for the probabilities of state. They are
improved successively until a given limit of
change between two iteration cycles is reached.

(1) The starting distribution of p(x) is assumed
(2) Using eq.(14) all pl(xi) are calculated

(3) With pl(xi) and eq. (6) the passage probabi-
litiy n(x) can be evaluated.

(4) Recurrence relation (13) allows to calculate
all p(x).

(5) The steps (2)-(4) are executed until in ‘the
v-th cycle a given limit ¢ e.g.

Ipv(o)'pv_l(o)‘ <€

holds.
Having got approximate values for
T

the call congestion can be eva

p(x) and n(x)
ugted

o

1]
B Z PUL i)
xzky

3.2 Systems with Waiting
3.21 A new Method using Equations of State (ECPW)

(Equations for the Calculation of two-stage
Link Systems for Preselection with Waiting)

In a similar way as in section 3.11 the probabili-

ties of state are found by considering all tran-
sitions from and to a state {xl,xz,...,xg sz},
1

In addition to section 3.11 a new dimension, the
number of waiting calls z, has to be included.
With the assumption, that the probabilities
pl(xl),pz(xz)... are independent from each other

the equations of state can be simplified simi~
larly to section 3.11., This implies that in the
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state of statistical equilibrium the transition

probability caused by termination of a busy trunk

out of the state {xl,xz,...,xg ,2} is equal to the
1

transition probability into the state

{xl,xz,...,x ,2z} due to an offered call.

91
{"i“Z"""i"""g,' z}
/f:>/ DN
{:‘, LPVRRE P I,.,.,xg', z} i"l‘”z"""‘i""'sgi'z"‘}

Fig. 3 The equally probable transitions

From fig. 3 the equations of state are derived
similarly to section 3.11 (cf. L. Hieber (6]}

9
ilz‘plx,.xz,...,xi,.“,xgi,z)'x: (16)
91

= g p(x‘,xz, "“"i"'"‘g"“”dl(xt'xz“‘"xi""'"g"A;
9¢

+Z p(x‘,xz,., "xi'I‘""‘g“z)“'(xl‘xz"""i""""Eg!) A;
isl

. where o'i(x',xz,_..,xg‘i @ l-u‘(x’ixz,,,_‘g%]

For this recurrence relation the following
boundary conditions are valid

= 1,2,...,k

X3 1 91

Z =ollle°¢ {=1 xif"n (17)
One gets the probability p(xl,xz,...,xg } by the
1
following summation

@
p(x‘,xz....,xgla ""‘v"z»“"‘ 2}
1 LA
2;; (18)
If eq.(16) is summed up in the same way as
eq. (18) one obtains with eq.(17) the following
recurrence relation
83
xiv(x,,xz,...,xi,,..,xﬂ') (19)
ief
81

= Z p(x“xz,...,mi, .‘,,xh)c" (n',
izt

LPTIRTETE PRI § 1o A,
8y
+ : pla‘.xz,...,xi,...,xm)'u‘ “1"‘2""'*( s ) Ay

From eq.(18) a set of linear equations can be ob-

tained for the unknown probabilities

p(xl,xz,.o.,xg ). The number of unknowns can be
1

drastically reduced by using conditions of

symmetry.

With p(xl,xz,...,xgl) and q(xl,xz,...,qu) the

probability of delay can be evaluated by
Ky (20}

ky Ky 81
W e : E}: Z P"‘v"z"“"af“'~‘q,"°x“a"‘z"‘""r"'"‘q,”91

u|=0 xzao xg;ﬂ iz

For calculating the mean waiting time the waiting
traffic Q has to be known. The waiting
traffic 0 is defined as the average number of
calls waiting simultaneously.

Ky Ky Ky
Q:Z ZZ Z znp(xk,xz,,..,xg,,z) (21}
xlso nga quzﬂ z=1

If eq.(19) is multiplied by 2z and the abbrevia-
tion



@
w(x‘.xz.‘,‘,xg‘) ® Z z~p(x‘,xz,.,.,a§1,z)

zed
3 used, one obtains

WLy g (22)

9
e { Z“"“i"‘zf”‘gi =~i,,,.,,z§') Uv‘“‘v‘zr ¥ l,.(,,ﬁm)
ist

[}
i(x‘-U‘(z‘,xz,...,xi‘....xg‘) }
i=t

9
: UiM\'“z"""‘i“""q,'}

+p(x‘,zz,.u,zg‘)
iz

he walting traffic can now be calculated

Q- Z Z Z “’("1"‘2'-‘-"”‘9‘) (23)
1

1 2 g
9
or eq.(23) the condition n_¥=;§; x, is valid.
he waiting traffic Q can also be defined by
Q = cw-tw (24)

here ty, is the mean waiting time of delayed calls
nd c is the average number of delayed calls

ffered per unit time. The standardised mean
alting time of delayed calls is

W 8 (25)

’l""—-—-——a-':——-—-
th AW

.22 A new iterative Method (ICPW)

Tteration Method for the Calculation of two-
‘tage Link Systems for Preselection and
laiting) i

& first some transformations on the equations of
tate (cf.eq.(19)) are made such that one ob-
.aines a similar form as for the state of
itatistical equilibrium of a single-stage systenm
rith unlimited waiting.

\gain the global passage probability, already
lefined by eq.(12) and the global congestion
yrobability o(x)=1-nu(x), will be used.

't is already known that the probability of x
sutgoing trunks busy can be obtained by

ke Ky ¥y
p(x):Z»Z ...Zp(l:‘,xz,...,xg‘) (26)

x‘so xzxn x';ﬂ

7ith the condition

n > x = X
- = ! _
'he summation of eq.(26) is applied to the re-
surrence relation (19). With eqg.(26) one obtains

Ky Ky Ky (27}

94
. . . K u ) A
weplnde Z E: Z Z‘p(xl"z‘““xi""’ﬁ? U?(K!'xz' oK xq‘) i

xlso xzxo x9-10 izl

. p(xvn?,.“,xin ‘:--~:"9"‘ll‘(x1»%---w“i":-w‘gi"‘i’

fhe right hand side of eq.(27) is multiplied by
\ep{x~1). Using o(x) and p(x) eq.(27) becomes

pix) {x ~otx) A} = Acplu-tl g tx-1) (28)

8q. (28) has in fact the same form as the recur-
rence relation for single-stage delay systems
vith limited accessibility derived by

4. Thierer [&].

7ith eq.(12),(14) and (28) a similar iteration
algorithm as shown in section 3.11 can be derived.
rhis iteration algorithm leads to an approximate
solution for the probabilities of state. The
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probability of delay W and the mean waiting time
T, Can then be evaluated according to eq.(20) and

(25) .

The global passage probability u(x) according to
eq.(12) does not depend on the number of waiting
calls in the system.

The derivation of the recurrence relation (28)
for systems with waiting is very similar to the
derivation of eq. (13), section 3.11l. Eq.(13) is
the recurrence relation for two-stage systems
with loss. .

It is obvious that the iteration method for loss
gsystems of section 3.11 can be adapted for the
calculation of W and Ty of delay systems just by

interchanging the corresponding recurrence rela-
tion of the state of statistical equilibrium.

In the next two sections this principle will be
applied to already known methods for calculating
call congestion in loss systems such that they
can be used for delay systems as well.

Artificial traffic trials were performed to in-
vestigate the accuracy of ECPW and ICPW. For the
system of diagr.l results of ECPW and ICPW are
almost identical., The confidence intervall of
all tests is 95 %.

——regults: ECPW s
ICPW
W1 results:CIRBW /

04

0,01
9

Probability of delay W and mean
waiting time Tw of a two-stage

link system with waiting

Diagx.1l

4., B new Method for two-stage Link Systems with
Group Selection and Waiting (ICGW)

{iteration Method for the Calculation of 2-stage

Link Systems for Group Selectlon and Waiting)

BAn iterative method for calculating W and T, of

two-stage delay link-systems with group selec-
tion will be derived. The iteration algorithm
for obtaining the probabilities of state is si-
milar to the algorithm for loss system given by
A. Elldin [2] and K. Kimmerle [1].

The state Xy link~lines busy of a considered
Clink-unit (ef. Fig. 4) may be denoted by {xl}




and. the state x, outgoing trunks occupied by
{xz}:the corresponding probabllities are p(x;)
and p(x,). The probability distributions plxy)
and p(x,) are dependent on each other

p(x))=f(p(x,))  plxy)=glp(x,)) (29)

The passage probability u(xl) is defined as the

probability that a call ariving in the state
{x,} can be connected to one of the n, trunks.

If the probabilities p(xz) are known then u(xl)
can be calculated by a combinatorial statement.

The probability that an offered call in the
state {x,} can be set up is denoted by u”(xz)

Again u“(xz) can be evaluated if the probabili-
ties p(x,) are known.

plugbs tlplugh¥  plug) nglplxg)

ha® 82

Fig. 4 Link unit

For the approxlm;te evaluation of p(xl),p(xz)
and u(x;), u*(xz) with a prescribed accuracy
the following algorithm can be used:

(a) Starting values for p(x;) are obtained
according to the formula E2 k, (a,) by
A.K. Erlang.

(b} With p(xl) and a combinatorial statement the
values of u”(xz) are calculated.

(c) Statistical equilibrium for single-stage
delay system with u‘(xz) and the traffic
A, = ¥, is used to get the probabilities
p(x,).

(d) wWith p(xz) and a combinatorial statement, all
u(x;) are evaluated.

(e) Statistical equilibrium for a single-stage
delay system with u(xl) and the traffic AlﬂYl
is used to get improved probabilities p(xl).

(£) The steps (b),(c),(d), (e} are repeated until

after the v-th iteration a prescribed
accuracy € is reached.

lpv(xl)-pv_l(xl)|< e for x;=0,1,...,k

Using p(x;) and u(x;) the probability of delay
can be calculated

ky

W o= :E:: plx;) (1-u(x,)) (30)
xl=0
From the values of W,Al,k1 one can evaluate an
availability kegg of @ corresponding single-stage
delay system with the same values W,A,,k;. For

such a virtual system with the same tupel
(Al,kl,keff) the mean waiting time T, can be cal-

culated by using the Interconnection Delay
Formula (IDF) by M. Thierer [&].
T =Ty (k,,k JAL) (31}
W wIDF 1" "ef£’'"1
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The values of keff can only be integer. For value
of W which give rise to an availability keff whic|

is not of type integer, the value of 71, has to be
found by interpolation.

Diagr. 2 shows curves calculated by using the
method ICGW and results of simulation.

——yesults: ICGW

W|...results: CIRBW y Tw

o1

Q01

Diagr. 2 Probability of delay and mean waiting
time of a two-stage link system with
group selection

5. The new Method CIRBW for multi-stage Link
___Systems

The method described in this section can be .
applied to delay systems with an arbitrary number
of selector stages with preselection or group
selection. Gradings are allowed between the
selector stages and behind the last stage

(cf. Fig.5).

A similar method for calculating call congestion
and time congestion of multi-stage link systems
with loss is known as the method of combined
inlet~route blocking CIRB, by A. Lotze [5].
Accordingly, the method to be derived here may’
be called combined inlet-route blocking with
waiting, CIRBW.

As the name indicates the calculation of W and Ty
is divided into two parts: inlet blocking and
outlet blocking.

o 12

Fig.5 Multi-stage link system with
grading and waiting



It is assumed that the probability distribution
of a full access trunk group with waiting exists
in the multiples of the first stage. It is also
assumed, that for the outgoing trunk groups a
probability distribution exists which is of the
same type as that of a single-stage delay system
with limited accessibility: Both the probability
distribution of the multiples of the first stage
and the distribution of the outgoing trunk
groups are to be independent from each other.

Inlet blocking occurs, if an offered call finds
all k, lines of a multiple of the first stage

busy. Inlet blocking can be evaluated by Erlang's
formula E; (Yl). To calculate route blocking
r
1

the average number m of those lines in the

desired route r which can be hunted "free" or
"busy" is used. For the simplest case that from
one multiple of stage j only one link leads to
each of the multiples of stage j+1,3=1,2,...,8-1,
the average hunting number is

s-1
My = Z (ky=¥3) * kgptny = ¥y (32)
j=1 =
m, n..
From m,, the number of trunks n. in group r and

the traffic Ar = Yr the route blocking can be

obtained by using the Interconnection Delay
Formula (IDF) .

Because inlet blocking and route blocking are to
be independent the probability of delay is

w.EZJ”vH.{uELk“v,n “Wpela,m Y ) (33)

The mean waiting time of delayed calls has al-
ready been defined as

The mean waiting time of all calls divided by
the mean holding time is

ty,* W
W N .
I;a tm tw W . (34)
Inlet blocking and route blocking are assumed
to be independent. The contribution of inlet
blocking r;‘ and route blocking T; can, be

1 ’ 2

added to get the r% for the whole system.
WOt T (35)

For ra the Interconnection Delay Formula is
2

used and for t*

w_ the well known formula of fully
ol

available trunk groups with waiting is applied.

i .

-E (n,,m., Y)W {n.,m .Y )
WY 2 e Twype Peme Yo Wipe E0e e Ty (36)
x

w .
s,k#v!).{\-eLki(v”] Wiog (hrimea Vo)

N

For another two systems results of artificial
traffic trials are plottedon diagr. 3 and 4.
Again the method CIRBW proves to be appli-
cable to most link systems in use.
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Tw

0,1 1

— results: CIRBW

P
o
~

Diagr. 3 Probability of delay W and mean
walting time ) of a 4-stage link
- system
! 10
—— regults: CIRBW
Tw
W
, Tw
[R] 1
001 tf o
5% v v v u
10 15 20 25 A
Diagr. 4 Probability of delay and mean waiting

time of a two-stage link system with
grading
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