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1. General Remarks

For operating real-time computer systems it is necessary
to serve special pressing demands with preemptive
priorities. On the other hand, there are s lob of demands
being less urgent which do not justify preemption. Some-
times even preemptive priorities are nonsensical (e, g.
if the preempting demand is more important than the
interrupted one; however, the time spent on interrupting
is greater than the remaining rest-service time of the
low priority demand).

Therefore, most of real-time computer systems serve the
various demands by a mixed mode [1, 2]. E. g. the new
Electronic Data Switching System for Data Communi-
cation of the Federal German Post Office [3, 4] is using
for the input/output control of the storage unit a rea-
sonable combination of preemptive and non-preemptive
priorities, which may be called “priorities with variable
preemption distance” and for short ‘“preemption-
distance priorities”,

Preemption-distance priorities are controlled such, that
demands of the priority class p (p = 1, 2, ..., P;class 1
most urgent) only interrupt demands of priority classes
less or equal to (p 4 £). The so called preemption-
distance & can be chosen between 1 and P (cf. IMig. I).
After interruption, service is resumed at the point where
it was left off.

This paper deals with the calculation of the expected
waiting time, the expected system-response time and
the expected number of items in the system waiting
simultaneously for service for each priority class p.
The investigated system may be abbreviated by
(M (p)/Ex(p)/1) with preemption-distance priorities,
i.e. we assume Poisson-input and Erlang-distributed
processing times of different order and different mean
values b(p) = 1/u(p) per each priority class (cf. Fig. 2).
Hence, e. g. processing time for demands of some pri-

ority classes may be constant (k= oo), for others
negativ exponential (k = 1) and for the remaining ones
Erlang-distributed between these two boundary values
(0 <U & < 00). Demands of the same priority class are
served in the order of their arrival (FIFO).

If we choose the preemption-distance & equal to 1 or P
we yield the well known formulas for systems with pure
preemptive or pure non-preemptive priorities, respec-
tively.

By reason of simplicity, the preemption-distance & has
been chosen equally for all priority classes p. When
introducing “empty” priority classes (call rate zero)
between the actual ones, it is possible to vary the real
preemption-distance for each actual priority class indi-
vidually. Therefore it is possible to generate arbitrary
sequences of preemptive and non-preemptive priorities.
The only mathematically treated combination of pre-
emptive and non-preemptive priorities, known from
Literature [5] is included (some classes, interrupting ail
demands of lower priority and some classes, which do
not interrupt any demand; examples cof. Fig. 3 and
Fig. 4).

2. Recursive Equation for the Expected Waiting Time

for all Demands

Supposedly, an arbitrarily chosen demand of priority
class p enters the system. The expected system-response
time (time spent in the system, waiting and being pro-
cessed) for this demand is composed of the following
five terms:

a) the expectation by (= p + & — 1) of the remaining .
rest-service time for demands of the priority classes 1
to (p + & — 1) present at its time of arrival in the
server and not being interrupted by the considered
p-demand,
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Preemption-distance priorities. (Examples see Figrs. 3 and 4).
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b} the expected time wi(p) necessary to serve demands
of the priorily classes 1 to p waiting in the system at
its time of arrival,

¢) its expected time in service b(p),

d) the expected time wyr(p) necessary to serve demands
of preemptive priority classes 1 to (p — &) which enter
the system, while the considered p-demand is still in
the system,

e) the expected time wiy (p) necessary to serve demands
of the non-preemptive priority classes (p — & -~ 1) to
(p — 1) which enter the system, while the considered
p-demand is still in the system, however before its last
interruption.

Determining these five terms it is possible to find after
some simple transformations the recursive equation for
the expected waiting time of the considered p-demand;
cf. Eqn. (1).
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new interrupt interrupts actual

demand servicg service pregmption-
of class of class of class distance

1 1,2 3,4,5,6 2

2 1,2,3 4,5,6 2

3 1,2,3,4 5,6 2

4 1,2,3,4,5 6 2

5 1,2,3,4,5,6 - 2

8 1,2,3,4,5,6 - 2

Fig. 3.

Example for preemption-distance priorities (number of priority
classes P = 6; preemption-distance & = 2).
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A(2): call rate for priority class 1 1 = 1,2, ..., p, ..., P).

Au(p) :jﬁ:l(é): total call rate for priority classes, interrupting service of priority class p.
(z) == 17’b (3): service (termination) rate for demands of priority class .

) : offered traffic for priority class 4.

Eqn. (1) allows to calculate recursively the expected
waiting time for all priority classes p, starting with the
most important priority class one:
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3. Explicite Selution for the Hxpected Waiting Time

It should be mentioned at this point that an explicite
solution for the expected waiting times has been found,
too (using the methods of Lagrange [6] for the deter-
mination of particular solutions of inhomogeneous
systems of equations). However, as the above presented
recursive equation is extremely practical for computer
evaluations, this explicit formula shall be published
— with a detailed derivation — later on.

4. Expected System-Response Time and Expected
Number of Demands Waiting for Service

Obviously, the expected system-response time for de-

mands of priority class p, i. e. the interval between the

epoch at which they enter the system to the epoch at

which service is completed, is given by

ia(p) = tw(p) 4 b(p) . 3)

The expected number of demands waiting simultane-
ously for service is given by

Q(p) = Alp) “ tw(p) . (4)

mean service time for demands of priority class s.

order of the Frlang-distributed service times for priority class .

new ﬁ%gf?go,: interrupts actual

demand servicg service pregampﬁion-
of class of class of class distance

1 i 3,5,6 1

3 1.3 5,6 1

5 1,3.5,86 - 2

6 1,3,5,6 - 2

Tig. 4.

Preemption-distance priorities with ‘“‘empty” priority classes
(4 actual priority classes, 2 empty classes with 1p = A4 = 0;
preemption-distance & == 2).

5. Conclusion
Introducing the preemption-distance £ for queuing
systems with priorities it is possible to describe uniformly
service-strategies, most important for real-time com-
puter systems. It is shown how to determine the expected -
waiting time, the expected system-response time as well
as the expected number of demands waiting simultane-
ously for service, for each priority class p. Investigations
concerning the remaining characteristic values (e. g.
waiting time distribution) as well as other types of
service time distributions are just under work and will
be published at some future time. The well known
formulas for queuing systems with pure preemptive or
pure non-preemptive priorities are boundary values of
the above presented formulas (1) and (2).
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