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ABSTRACT

This paper deals with the calculation of two-
way trunk (TWT) arrangements between two pri-
vate branch exchanges (PBX's) or between one
PBX and the public telephone network,
respectively.

For these cases, the number of private sub-
scribers is about three up to ten times lar-
ger than the number of trunks. Therefore,
private telephone traffic is adequate to
"pure chance traffic no 2" (definition cf.
chapter 1).

Furthermore, it must be taken into account,
that sometimes internal and external traffics
(definitions cf. 1lit T1| and sec. 2.2.1) are
considerably correlated.

Setting up the equations of state, the proba-
bilities of loss have been calculated for the
different groups of subscribers. Calculations
has been done with or without respect to the
event "the called subscriber is busy".
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1. TRAFFIC MODEL

Two types of offered traffic are considered:

I Pure Chance Traffic of Yype 1 (PCT)

An infinite number of sources (g -+
produces the offered Traffic with the mean va-
lue 4. Xach source has an infinitely small
call rate (& - ¢) such, that the total call
rate 1is constant (e (P= & . g <®).

II Fure Chance Traffic of Type 2 (PCT 2)

A finite number of sources (g <) produces
the offered traffic A, each idle source
having the call rate.

In both cases, the sources are supposed to be
independent from each other. Idle sources
start calls at random. This inplies a negati-
ve exponential distribution of idle times of
each source,

The distribution of holding times is also
assumed in both cases to be negative exponen—
tial w%th the mean value h (termination rate:
€ed/n).

Therefore, the offered traffic is given by
the following equations:

PCT 1 : Aw 2-he Af

FCT 2 A= (g - Y) dje

where Y is the traffic carried on the trunk
group.

Furthermore, gtationarity of all traffics is
assumed, i.e. the system is assumed to be in
the "statistical equilibrium’. Therefore, all
state probabilities are independent of time.

2. CAICULATION OF THE CHARACTERISTIC TRAFFIC

2.2 PRINCIPLES

Dimensioning TWI arrangements with a finite
number of subscribers (FCT 2) it must be ta-
ken into account, that each successful call
"pinds" two traffic sources: the calling and
the called source. Therefore, the call inten-
sity of both, the group of the calling source
and that one of the called source, is reduced.
This fact leads to complex equations, especial-
ly in case of correlated internal and external
traffics.

#ITH DIFFERENT
w1 THOUT

CALCULATION OF Lwi-GROUFS
TYFES OF TRAFFIC INPUY AND
INUERNAL WRAFFIC

2.2

2.2.70 the System

Be given two different sets of subscribers 4
and B, connectea by a two way trunk arrange-
ment having n full available trunks (cf.fig.?).



Internal tratfic, i.e. tratftic between two
subscribers of the same set (A or B) is assu-
med to be zero. 1lhe calculation will be done
for systems with or without change-over to the
switchboard position in case of the event

"the called subscriber is busy".

Set A

: Set B
9a,% | n,x

Q')dﬂ

Fig.1: The system.

2:2.2 Abbreviations

: number of subscribers of set A or B,
respectively.

9A, 9B
%3, % : call rate of an idle source in set 4
or B, respectively.

A, : uniform call rate of set A, if the
offered traffic will be FCT 1.

€ : termination rate
n : number of trunks of the TWI-group.

x : instantaneous number of occupied
trunks.

p(x): state-probability, i.e. probability
" x trunks are busy".
sp(x),sB(x): probability, that the called
subscriber of set A or B is busy.

2.2.3 General equations of state, state-
probabilities (¥CT 2)

The recurrence formula (o = x < n)

(1) [ga-xJa poa-[i-45®)] +
+ [q-l"‘]"e'PU‘) [4- A0 = [x+4)-€-pixes)

yields with the normalizing condition
n

(2) E: po) = 1

A=O

the following formulae for the state-proba-
bilities

R-4
(3p®= "%’1[{[%— T -4y ¢ [je- 1142 [1- 50001}

nof-t -4
() plo) = {4 + g.‘ %i[l!aa-i!‘%l4-sgci:]*I%e-i!-?h-w»]}

2.2.4 Calculation of the state-probabilities
for TWI-groups between two FPBX's without
automatic change-over (FCT 2).

Calculating the state-probabilities, it has

to be taken into consideration that the called
subscriber may be busy.

If there are occupied trunks, say x, the pro-
" bability "a called subscriber of set A is,
already busy" will be

(5) Ay = A

and in the case of a called subscriber of set B

(6 Apx) = A

Inserting (5,6) in (3,4), the equations for
the state-probabilities take - after some
simple transformations - the following form:
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(?) Py = p(a).(‘}‘o\)(%‘s)x![jﬁ“*qiée]x

9uk
" i ty-1
@ e = {1+ 2 ()5 %] }

2.2.5 Calculation of the svate-probapilities
for Qwl-groups between two FBX's with
automatic change-over (¥CT 2).

1his technique is often usec in modern private
branch exchanges: ii the called subscriber is
busy the call is directed to the switchboard
position. Therefore, the probability "called
subscriber is busy" vanishes:

(9 5,(x) = Ag(x) = 0

Inserting (9) in (3, 4) we get the state-pro-
babilities

A-q :

plo) .y & .y &

(10) PRI = = {(%A*‘)‘é‘f(%s“-)"f"}
.t 1)

0 -4 -4
£ oo v
> 3 T e stasrie]]

g ¥ o
2.2.0 Time- and Call Congestion for 1WIl-groups
between two FBX's %PCT 2)-

Ihe general formulae for time- and call con-
gestion are the same for systems with or
without automatic change-over. We have to
insert only the state-probabilities according
to the equations (7, 8§ or (10, 11), respecti-
vely. ‘

The time congestion E, i.e. the probability
that all trunks are busy, is the same for
both sets of subscribers: i

(12) Ep = Eg = p(n)

There are two definitions of the call con-
gestion:

(1) Pl= {H’

n: number of trunks

e Call congestion because of busy trunks or
busy subscriber or both.

e Call congestion because of busy trunks only

Dimensioning TWT-groups, the second definition
of call congestion is commonly used.
Therefore, call congestion By, i.e. the proba-
bility that a new call from set A to B will
fail because of the event "all TWI's are
occupied" is given Dby:

qp - 1
(13) By = gr—y (@)

where Y is the traffic carried on the 1wl-
groug:

1
() Y= Ez: x + p(x)
X=0

Accoruingly, the call congestion Bp is obtained
by:
aB - n

(15) By = G Y

* pln)

Finally, the total call congestion is given
oy the following formula:

—n)eA -
16y 5 (qa-n)*M4 + (qB-n)¥B | o(n)

tot = (qa-YJ)-AA + (qp-1)%B

2.2.7 State-probabilities for 1UiT-groups
between the public telephone network
and a FBX without change-over
(PCT 1 ana FCL 2).

The dimensioning of Llwl-groups between one

FBX (set B) and the public telephone network



(set 4) is also possible by means of the
equations, presented above. Then, however,
the traffic offered from the public telephone
network will be PCT 1 with the mean value AA:

o A
(17) A, = lim (qA-x)-aEé = _gé (e¢f. chapter 1)
G 0o
d:::o

Moreover, the probability, that a called sub-
scriber of the public network A is busy, does
not depend on the instantaneous number of
occupied TWI-trunks,

Therefore

(18) éA(x) = éA
The traffic, offered frow the FPBX (set B) to
the T#T-group does not change its character,
if PCT 1 is offered from the public telephone
network (set A) and remains FCIl 2. Hence we
can tind after some simple transformations
by means of (7, 8) ana (17, 18) the following
expressions for the state-probabilities:

A, 6
(19) PO = peo) (qﬂ){«%—;-»—&—a-u-m

®
L
(20) P = {w iﬁ“) {%ﬁ-‘éﬁu-m}‘}
wd .

2:2.8 State-probabilities for TWI-groups be-
tween the public telephone network and
a PBX with automatic change-over.

According to section 2.2.5 we will have in
this case a vanishing probability "called sub-
scriber of the PBX is busy" (4p(x) = o). To
find a general solution, the probability
"called subscriber of the public network is
busy" #4(x) has to be taken into account with
& constant value 45 (cf. section 2.2.7).
However, for practical applications this
is often neglected (44 = o).
lution is given by:

K=-4
(21) posy= 1:4“,’-’ T {AA + (g - AA)}

(22) ploy= {{ + ; 'ﬂg'i' ﬁ{‘,ﬁ'(‘is‘i)% “ = '3;\)}}-1

value
The general so-

2:2.9 Time- and Call Congestion in case of
PCT 1 and PCT 2.

The implicite formulee for time~ and call con-
gestion are independent of the chosen PBX mo-
del. We have to insert only the state-proba-
bilities presented by the equations (19, 20)
or (21, 22), respectively.

According to section 2.2.6 we then get:
Time congestion

(23) Ep = Eg = p(n)

Call congestion for traffic (A4 = B)

(24—) BA = EA = p(n)
Call congestion for traffic (B —ed)
(25) B - =T . L)

5 B= g =y  Pplo

Total call congestion

Py +%(qg-n)

(260 Prov = xTRayy) P

tot
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2.2.10 Diagrams

A computer program has been written to evaluate
the given formulae for the call congestion.
Some results are enclosed in the diagrams

1, 2, 3, and 4.
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TWI's between the public telephone
network (set A) and a PBX (set B)
with automatic change-over.

Diagr.4:



2.3 CAICULATION OF TWI-GROUFS BETWEEN THE
PUBLIC TELEPHONE NETWORK AND PBX'S WITH
REMARKABIE INTERNAL TRAFFIC (PCT 1 AND

PCT 2).

Calculating subscriber lines for PBY's with
remarkable internal traffic, the correlation
between internal and external traffic has to
be taken into consideration.

The solution is presented only for PBX's with
automatic change-over to the switchboard po-
sition in the case of "called FPBI-subscriber
is busy" (A (x) = o ; cf. section 2.25).

Moreover the constant value 43(x) = 4; may

be zero, as is commonly used in practice

(cf. sec. 2.28). However, the method is also
applicable for all other systems and the so-
lution can be found analogegously.

2.3.1 The systen.

Be given a TWI-group with ng trunks, connect-
ing the PBX-subscribers with the public tele-
phone network as sketched in figure 2. Figu-
re 2 shows also the three different types of
carried traffic to be distinguished: external
traffic "outgoing" Ye,, external traffic
"incoming" Yec, and tHe internal traffic Yj
of the PBX.

Yeq I

Yﬁﬁ:i::::;,

A: public telephene
. mebwerlil

8:P8X

Fig.2: The system.

The number of PBX-subscribers may be finite,
say qp, and that one of the public telephone
network infinite. Therefore, traffic offered
by the PBX-subscribers will be PCT 2 and on
the other hand PCT 1 from the public telephone
network. Moreover, it is assumed that the
number qp of FBi-subscribers satisfies the
following condition:

27)

where nji is the maximum number of PBX-trunks
for internal traffic. This condition is sa-
tisfied for all systems, applied in practice
and relieves the calculation of the state-
probabilities.

QB % 2nj + ng

2.3.2 Abbreviations

The abbreviations are the same as above

(sec. 3.2.2). However, to distinguish clearly
internal~ and external characteristics, it is
convenient to introduce some new indices:

i : internal
e : external

g : outgoing, i.e. traffic generated by the
, private branch exchange.

¢ : ingcoming, i.e. traffic generated by the
public telephone subscribers.

2.%.3 General equations of state.

The state-diagram in figure 3 demonstmtes all
possible state-transitions if a new call
arrives (and will be successful) or if an
established call ends. The state-diagram is
bidimensional, because we have to distinguish
between internal and external (incoming or

217 /4

outgoing) calls. The values Xg (or Xx;) can
change at random between zero and a maximum
number ng (or n% It is evident, that a

Yo
transition to states "outside of these li-

mits" is impossible (transition-probability
will be zero).

g |
e Xil =TT 2T22I%
Fig.3: State-diagram.

Using the agreements above and taking into
account, that each successful internal call
binds two traffic sources of the FBEX, the
equations of state are given by the following
expression: (tramnsition=-probabilities, in-
dicated by the arrows on fig. 3):

1 R
{[@.—m -te2xid] ey ¢ 2y ) dt pota-1,%0)
+ [qe-(xe+ 2(xi- )] dlg; dt - plxe, xi- )

+ (xg+d)- & dt -p(Xeed,xi)

+ (%i+1)-€-dt - plug,xi+1)

(28)¢
[ Xe-&-db - plie, %)
) * X - € - db - p(Re,Xi)
B +{[q,°— (xev2xi)Jdg + AA} dt-plxe¥i)
|+ [c‘_.- (xuzxi_)]d‘,;-dt'pug,xi)
with .
(29) i {‘Z pire,xi) = 1

Y=o Xi=@

2.3.4 Separation of the equations of state
for internal and external traffic.

Transforming the equations of state (28) we can
extract seperate equations for both external-
and internal traffic. These new equations are
the basis for the calculation of the state-pro-
babilities and traffic parameters. The trans-
formation can be done as follows:

Summing up the equations of state (28) over
all possible values x; for a fixed value
Xxe = 0 and deviding %y dt we can find directly:

. e
(30) {\Z_{[‘irkdﬁsg*&}'i:(%xi) = Ze'p(bxi)

Xz 0 K= @

Summing up equation (28) over all possible
values x3 for a fixed value xg = 1 and devi-
ding by dt we can find by the aid of equation
(30) :



My ;
(31) Z {hr(ﬁhﬂ]tuﬂ‘} P, %) = ile-p(i,xq

Kizo LY
Carrying through the procedure shown for x = O
and x_ = 1 we can find by induction the geﬁeral

equatlion for an arbitrary number of external
calls:

iy e
(32 { {[%" e *zxi)]ﬁui' )A} Plre,%g) = Z(X,;H)E Puc"' %)

Xiz0 %i=0

A simple transformation yields the wanted se-
parated equations for external traffic:

o .
(33){(qumxe)«e)—gth}pue) =(ket1) Pliet1)
where ny
G5 Yilke) = ) Xi-pxi/Xe)

Xi=0
is the expectation value of the internal
carried traffic under the condition, that
there are x, external calls established at the
same time (conditional carried internal

traffic). Accordingly, p(xij/xe) is the condi-
tional probability.

Teking into account the normalizing ‘condition,
we obtain an explicit solution for the state-
probabilities of the external traffic:

¥a-1
(35) ey ﬂ‘;-‘-:i,.‘-’lﬂ'[(q.—m(g)-g)% +22]
g-o

flg  %e-t » .
66) pox=o) = {1 *;iﬂl_[&rms)-ﬁ)% + 27} 1
e* g,o

Analoggously, we can find the state-probabilie
ties for internal traffic:

(s
(37) poxi) = poxi-o) L [ [qq-Yeth) - 261
g-o

Ny

Z@“ Tf[q,«-r.cg) - m;]}"1

(38)p(xize) = {1 + xii
Xim §=e
e

(39) Yel§) = ) XeP(ra/E)

Rgio

yhere

is the internal carried traffic under the con-
dition, that there are § internal calls
established at the same time.

Equations (35, 36) and (37, 38) are the exact
formulae for the state-probabilities of ex-
ternal or internal traffic, respectively.

The only unknowns are the conditional carried
traffics, which will be determined in the next
two sections. Calculation of the time and
call congestion for internal and for incoming
or outgoing external traffic has to be done
according to section 2.2.9.

2.3.5 Method of constant source reduction
(MCR) .

The left hand side of equation (33) shows,
that in calculating the state-probabilities
for external traffic, the total number of PBX~
subscribers qp has to be reduced by the number
of internal occupied FBX-subscribers (during
the state Xg). This number of internal occu-
pied subscribers is twice the conditional in~
ternal carried traffic Yi(xe). Cbviously

the mean value of Yi(xe) is the carried traf-
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fic Y, and therefore Yi is used as a first ap=-
proxitation of Yi(xe).

Calculating the state-probabilities for inter-
nal traffic, the corresponding solution can be
found.,

This approximate solution, which reduces the
number of PBX-gubscribers by a constant value
is called the MCR (method of constant source
reduction).

Some results compared to exact values (solu-
tion of the total system of linear equations
and abbreviated LE) are shown in the diagrams
5, 6 and.7. The comparison shows, that both
approximate and exact values are in good
accordance.

o.40
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.20 ABI- = 0.8% _ |

pered \ Ag, = 087
o.40

Qg = 20
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\R\ fig= 8
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o 1 2 3 & 5§ g =
Disgr.5: State-probabilities for thec TWT-group.

Comparison between exact (LEO) and

arproximate values (MCR w=— ).
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Diagr.6: State-probabilities for tThe TWI-group.
Comparison between exact (LE @) and
approximate values (MCR =—).
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2.%.0 iethod of state derendent source
reduction (wok)

All conditional carried traffics are calcula-
ted as follows: It is assumed, that stationa-
rity of the external traffic for a fixed num-
ber of internal calls is also satisfied and
vice versa. Then the conditional state-proba-
bilities of the internal traffic are given by
the following equations:

(40) [(q,-xg) ~2%) hgy - P(Xi/Xa) = (Xie 1) & PXL+1 [Xe)
ni

Zp(xs/xg) = {

Km0

Combining (40) and (41) we can find the follo-
wing solution for the conditional state-proba-
bilities of internal traffic:

oot it
gdi) TFIQA“X¢°Z§]

(41)

(42) PXifke) = plorxe)-

%
! gmo
ny (%) %t -y
(43) plo/xe) = {1 +Z%T) -n-[%rle-?-gl}

Re=1
sao

Since now all conditional state-probabilities

are known, the conditional internal carried

traffic Yj(xe) can be calculated by means

of equation ?34).

Inserting these values Yj(xe) into the egqua-
tions (35) and (36) we obtain all state-pro-
babilities p(xe) of the external traffic.
Calculation of the call- and time congestion
has to be done according to section 3.2.9.

It is evident that we can find the solution for
internal traffic accordingly.

This method is called the MSR (method of state-
dependent source reduction).

0.40
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Diagr.8: State-probabilities for the TWI-group.

Comparison between exact (LE®) and

approximate values (MSR —).
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Diagr.9: State-probabilities for the T#l-group.

Comparison between exact (LE @) and
approximate values (SR —).
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The diagrams 8,9 and 10 show some results com=-
pared with values calculated by the solution of
the total system of linear equations (IE).
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Diagr.10: Call congestion for TWI-traffic. Com-
parison between exact (LEO) and ap-
proximate values according to the
MSR-method (=—— and ---).

Setting up the equations of state, all charac-
teristic tratfic parameters for TWi-groups
with different types oi traffic input have
been calculated. Exact results are obtained
for all systems without internal traffic.
"hese results are also applicable to systems
with a small share of internal traffic.

Calculating two way trunk arrangements with

a remarkable share of internal traffic,
correlation between external and internal
traffic has also been taken into account.

The results obtained by the MCR- and MSR-
method are compared with exact values, calcu-
lated by the solution of the total system

of linear equations. The comparison shows the
good accordance between exsct and approximate
results.

The MCR-Method (sec. 2.3.5) can be used most
simple for practical applications: we only

have to reduce the number of PBX-subscribers by
a constant value. Then, the number of TWT's
can be determined by means of the diagrams,
shown in sectiom 2.2.10.

The accurate results obtained for TWI-arrange-
ments suggest to calculate other systems in an
equivalent manner. This problem will be in-
vestigated at some future time.
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