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summary

The [raffic Variance Method for Gradings
of Arbitrary Type by A.LOTZE - presented at
the 4*" ITC London - is extended in such a
way, that multistage link systems with al-
ternate routing can now also be treated.
'he special cases - calculation of the var-
iance of overflow traffic behind a link
system, when pure chance traffic is offered
and the design of link systems with an of-
fered overflow traffic -~ are also investi-
gated.

1.General Remarks

Modern telephone systems usually have a
hierarchical structure and the possibility
of alternate routing as shown in figure 1:
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#ig,1: Example for a Hierarchical Network
with Alternate Routing.

At first, the traffic is offered to a high-
usage "primary trunk group", the so-called

"direct route", If there is blocking, all
traffic will be lead to a "secondary trunk
group" (second direct route or final route).

Telephone networks of this type are, with
regard to economy and reliability, superior
to systems without alternate routing. There-
fore national subscriber trunk dialling in
many countries as well as the planned world
wide subscriber dialling system are based

on these principles.

As & good approximation, telephone traf-
fic offered to the primary trunk group, can
be considered as pure chance traffic with
Poisson input. The calculation of both call
congestion and number of lines has been in-
vestigated and solved in a great number of
papers.

Overflow traffic, i.e. telephone traffic
rejected by one or several primary trunk

groups , has other statistical properties
than pure chance traffic, Generally, its
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Rise of Congestion with Increas-
ing Relative Variance Coefficient
D/R for Full Available Secondary
Routes (Mean Value R is constant),

Diagr.1:

distribution of call arrival times cannot
be calculated exactly. Therefore, in addi-
tion to the mean value R of this traffic,
one needs a second characteristic, which is
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the variance V or the variance coefficient
D =V - B respectively (for pure chance
traffic with mean value A holds variance

V = A and hence D = 0),

The design of such secondary trunk groups
-was formerly performed without considering
these special properties by simply assuming
pure chance traffic. Diagram 1 shows some
examples of incorrect planning caused by .
this neglection: For the same value of mean
R, congestion B, increases with the relative
variance coefficient D/R (D/R=0 for pure
chance traffic).

In practice the relative variance coeffi-
cient D/R very often takes values from 1 up
to 2 (see also 1lit,/13/). Therefore, if a
full available secondary group®is designed
for pure chance traffic, call congestion may
effectively amount to B,(eff) = 6,2 per cent
compared with a nominal value of By(nom) = 1
per cent. For values of B,(nom) less than
one per cent as well as for secondary grad-
irgs, the nominal and effective call conges-
tion may diverge even more distinctly.

This single example shows clearly, that
the special statistical properties of over-
flow traffic (R,D) must be taken into ac-
count for exact planning.

R.I.WILKINSON /20,21/, G.BRETSCHNEIDER
/3/ and others have studied this problem in
detail with regard to full available groups.

In 1964, the so-called RDA-method by
A,LOTZE /12,6,7,8/ was presented., This meth-
od extends the regard of special statistical
properties of overflow traffic to gradings
of arbitrary type. The RDA-method allows
both calculation of variance V (or variance
coefficient D) of overflow traffic, and de-
sign of secondary gradings, to which over-
flow traffic (R,D) is offered. Evaluation
work is faciliated by tables and diagrams
(short outline see section II),

In the following sections, the extension
of this RDA-method to multistage link sys-
tems is presented.

Section III.1 explains how to calculate
variance V or variance coefficient D of
overflow traffic, if pure chance traffic is
offered to link systems with preselection or
group selection. Section III1.2 deals with
link systems, if an overflow traffic (R,D)
is offered. Minally, in section III.3 a
method is given for designing multistage
link systems with group selection and alter-
nate routing.

Like the RDA-method for gradings, the
proposed method for link systems has the
significant advantage that the evaluation
work can be done most easily and accurately
by hand.

In the special case of full available
groups, the method yields the same results
as /2,3,20/.

Many tests run with artificial traffic on
a digital computer of the "German Research
Society" verify the accuracy of the RDA-
method extended to link systems,

¥} with N2 = 20 lines and actually D/E= 1,5

II.0utline of the RDA-Variance Theory
for Gradings/12,5-8,14-17/

II.1 Calculation of Variance Coefficient D

The overflow traffic of an exactly calcu
lable full available group corresponds most
precisely to that of a grading, if in both
cases the alternation of the states '"over-
flow" and "no overflow" is in good agree-

ment., Comparing one selector group of the
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grading in figure 2 with the full available
group in figure 3, one can see, that time
congestion, probability of non-blocking and
mean value of overflow traffic are the same,
Furthermore, the average duration, and also
the number and the distribution of blocking
intervals are identical.lFinally, the average
duration and the number ot non-blocking in-
tervals are equal. [he distribution of these
non-blocking intervals can differ, because
the remaining (gy - 1) and (go - 1) selector
groups have a different influence.

Admitting this only approximation we can
equate the variance coefficients of both

part-overflow traffics. Hence
2 1 ]
D, = Dy = Rp| —n -1
v * r {3§(hﬁ1—AdU~Bu) J
* 2
DP=D1’ =’RP'P

'he peakednesscoefficient p can easily be
computed or looked up in diagram 2 as a
function of availability k and loss B.

The relation between partial and total
overflow for full available groups yields:

"

Dior

Taeking 1nto account tne correlation be-
tween different selector groups, one cbtains

3o~ Dy

the relation for gradings. The theory, fully
described in /12/, yields
DI = ,P.Rz.'h1/n1 )

Dy = Dp [1 ¥ ;—é(mlhr‘)] ()




Ihe value Dy is an inferior limit whereas
Dy is a superior limit, which is true for
inhomogenous, suitable balanced gradings
with skipping. Sufficient accuracy for all
practical purposes is obtained by the arith-
metic mean of Di and DE‘
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Diagr.2: Coetf'ficient of Peakedness p.

11.2 Design of Secondary uradings

Both the RDA-method for secondary grading
and the method for full available groups
start from the same fundamental idea: One
has to determine a fictitious primary grad--
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Fig.4: Fictitious Arrangement for
the Design of Secondary

Gradings.

ing (A%, n%,k%sny), generating the actual of-
fered overflow traffic (R,D) for the second-
ary grading (cf, fig.4), Furthermore, it
must be taken into account that this substi-
tude primary grading is the first hunted
part of an inhomogenous total grading (n:+n2,
ky+ky, ), which is sequentially hunted from
home position. Then the call congestion of
this total grading can be calculated/9-11/:

En?+nz(Aa

R
Bp = = 3)
e ;

En:«-nl— &: ~ hz(Ac)

be given the number of lines n,. Then the
call congestion of the secondary grading be-
comes:

R At
R TR B i

3, -

Conversely, if there is given the loss By
the necessary number of lines n, can be de-
termined by equations (3) and (4).

Evaluating the necessary amount of lines
for a secondary grading by means of a digit-
al computer, R,SCHEHRER has found, that the
additionally needed amount An, of lines
~compared with offered overflow traffic-
can be well approximated by the following
equation:

.[c((Q-zo)# CQ] (5)

Anz:‘g

Diagrams 3 and 4 contain the coefficients

C4 and Cy. Therefore, the number of lines
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in the secondary grading becomes gradings, published in /12,5-8,14-17/ and
outlined shortly in section II, the vari-

ance coefficient of the overflow traffic is
Ng = Nao + &AMy (o) given by:
he number of lines ngy can be looked up D= p- R bt (7)
in loss tables for pure chance traffic (for

example /7,11/).

and the variance

\ \7 \k=6 v = D +R (8)

\ with R = B-Y/(1"B®)
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The peakednesscoefficient p, characteriz
f ing the peakedness of the overflow traffic
\\\ can be looked up in diagram 2 as a function

of the availability keg and the loss B.

For very good gradings calculation of the
variance coefficient D according to equa-
tion (7) leads to an inferior limit, For

\\\\ two- and morestage link systems, however,
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§§§§§§ III1,1.1 Comparison with Simulation Results
K\‘\\j A large number of traffic trials on a
2 digital computer verify the accuracy of the
8/ RDA-method extended to link systems with
i preselection or groupselection.

In the following diagrams 5,6,7 and 8,
some of these traffic trials are compared
with calculated results.
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I1I,.,The RDA-Method for 10 -

Multistage Link Systems CT?T
X
The availability of link systems is not 5 - /////

constant, but depends on the instantaneous

state of occupation., Calculating the effec-
tive or average avallability (definitions

c.f, III.1 and 1II.2) one can describe very //
accurately the characteristics of multistage
link systems by means of a grading with the

same availability.

The stucture of these link systems is al-
lowed to be arbitrary, that is to say with
preselection or group selection and further- 5 10 @5 ?
more with graded link- or group-lines. 0,5 ! ! —

—
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I1I.1 Calculation of Variance Coefficient
lhe effective availability /1/ for the

considered route is equal to the availabili- 02
ty of a grading, which carries the same ’ %
B

traffic Y on the same number of lines n with
the same call congestion B.

Be‘known the carried traffic Y and - by o o1 02 03 04
traffic measurement or calculation - the ’ ’
loss b (which the traffic Y suffers in the

considered route). Then, the variance V or Diagr.5: Variance Coefticient D for a {wo-
variance coefficient D = V - R of the over- Stage Link System with Preselectior
flow traffic can be calculated directly by (¥ Test with Confidence Interval;
means of the effective availability kegp = S = 95% in all Simulation Results)

= f{(n,B,Y). According to the theory for
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I1I.2 Design of Link Systems to which Over-
flow L[raffic (R,D) is Offered

Be prescribed the data of the offered
overflow traffic (R,D) and the structure of
the link system (c.f. figure 5). Then, the
number of lines ng, has to be calculated for
a given loss

By = Rov/R (9)

As the carried traffic by the link system
is known according to the formula

You = RU1-Boy) (o)
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Diagr,.8: Variance Coefficient D for Trunk

Group No.1 of a Four-Stage Link
System with Group Selection.

the average availability can be calculated.
One obtains /15/ for a two-stage link system
with preselection:

‘&ov ”‘(&A - YOV/QA)'bB + Yoy

U

with KA'kb = availability in the A- and B-
stage respectively
gy = number of selector groups in

the A-stage

Therefore, all conditions are met to make
use of the RDA-method. The manual calcula-
tion or the evaluation by computer has to be
carried out in the following manner:

a) According to equation (10) one obtains
the carried traffic Yov. The average availla-
bility key is determined by equation (11).

b) For a prescribed call congestion Bgy
and the average availability ko, one may
draw the coeflicients C4 and Cp from dia-
gram 3 and 4. Hence, the additionally needed
amount &ngy of lines - compared with pure
chance traffic - is

ANy = %-[c‘(ﬂ-m) +C7_J )

¢, I'ne number of lines np in case of pure
chance traffic has to be calculated with /7/
or /11/.

a) Finally, the actual needed number of
lines 1is

Noy = Mp + ANgy (13)

remark : Lne method as presented nere :s
not only suitable for two-stage link systems
with preselection, but applies generally to
multistage link systems with more than two
stages and also to group selection, Then,



the average availability has to be calculat-
ed according to /15/.
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Fig.5: Two-Stage Link Arrangement
with Preselection.

II1.2.1 Example of Calculation,
with Traffic Test.

An overflow traffic (R,D) is offered to a
two-stage link system with preselection. For
a prescribed call congestion Bevy the number
of lines ngy and selector groups gg for the
B-stage has to be calculated (c.f. fig.5).

Comparison

Be given:
R = 29,8 Erl D = 29,4 BOV = 0,0435
k, = 20 Ky = 2 gy = 6
Calculation:
a) Carried traffic YOV= B-(l—Bov) = 28,5 Erl
b) Average availability
kov = (kA' xov/gA)'kB * Xov/gA = 3525

c¢c) Number of lines
For the values (k = 35,2538 = 4,35%) the
diagrams 3 and 4 yleld
C, = 0,043 ¢
Hence

5 = 4,15

wio

-[C'(R - 20) + G, )= un

1

In case of pure chance traffic the neces-
sary number np of lines would be /11/:

An =
ov

) = 35,7

np = f(A=R,kOV,bOV

Finally the actually needed number of
lines is

n =n_ +An

ov o ov = 40,2 ~=» 40 lines

d) humter of selector groups for the B-stage
gy = ng,/kg = 20

hemark: In general, the calculated pro-

portion negy/kKey 1s not an integer. Approx-

imating the number gg of selector groups
to an integer, kg will not change sub-
stantially. Therefore, verification of
the average availability k,ywill not be
necessary.

Simulation kKesult:

The above calculated link system was
tested with artificial traffic on a digital
computer, When the offered overflow traffic
was (R = 29,8 Erl,D = 29,4) the call conges-
tion became Bo, = 0,0435 + 00,0055 in the
traffic test.

III.3 Calculation of Link Systems with Group
Selection and Alternate Routing

The principle of the connection array is
shown in figure 6: At first a call will try
to find & free way through the link system
to the direct route in the wanted direction.
If there is blocking, the traffic will be
raversed to the final route.
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Fig.6: Multi-Stage Link Arrangement with
Group Selection and Alternate
Routing.

be prescribed for each direct route not
only the carried traffic but also the per-
missible loss B and for the final route the
loss Bgn . Then, the number of lines for all
direct routes and for the final route can be
determined.

III.3.1 Calculation of Direct Routes and
Parameters of the Overflow raffic

The design of the direct routes is possi-
ble according to the method of "Combined In-
let - and Route-Blocking" by A.LOTZE, pub-
lished in /11/ and /15/.

The variances or variance coefficients of
the overflow traffics, rejected by this di-
rect routes, has to be computed according to
section III.1.

III.3.2 Calculation of Total OverflowTraffic

The mean value of the total overflow is
determined by the relation:

Riot = 52125 (14

i.e.,, mean values have to be added. OUbvious-
ly, calculating the total variance coeffi-
cient (or variance) the correlation caused
by the commom link lines for the different
traffics must be taken into account,

One gets an approximate formula for this
correlation by splitting the traffic over-
flowing one direct route into two propor-
tions: Dj(in) beirng generated by the inlet
blocking of the A-stage and D;(r) being o-
riginated by route blocking (if there is no
inlet blocking at the same time).

The variance coefficients Dj(in) of all

routes (i=1...r) are fully correlated, which
means
[ Reet@m) L
Dtet(m) = [ml . @3(1:\) (15)

As a sultable approximation one can sup-



pose that the variance coefficients Dj(r)
are independent. Hence

Dit (7 = J'Z D; )

lherefore, the variance coefficient of
the total overflow traffic becomes:

(16)

Diot = Dot M+ Dype (M) “7)

and the variance is:

Vtot Qtot * Dt ot )

For r equivalent direct routes with the
same offered traffics one obtains

Diete = T2 Dyam + Dyl )

Ihe variance coefficients may be calcula-
ted according to section III.1. Thus,

D;tin) = p{[ﬁ,‘],ﬁ,\}‘ﬁjﬁh); 2 o
d's

Ihe proportion Dj(r), generated by route
blocking (if there is no inlet blocking at
the same time) is given by the difference
between Di= f(Yj,kerr ,nj) -c.f, sec.III.3.1-
and Dﬂ(inﬂ. Hence

Diry = D - D;Gn) @

111.3,3 Calculation of the Final Route,

The values of mean Ri.« and variance co-
efficient D.,. of the total overflow traffic
being known, the necessary number of lines
for the final route can be calculated ac-
cording to section III.2. Of course more
than one final route in the link arrange-
ment can also be trested,

IIT.3.4 Example of Calculation,
with Traffic Test,

Comparison

Two-Stage Link System with one Direct
Route and a Final Route.

Be given the structure of the link system,
the carried traffic Y(d) and the loss B(d)
of the direct route and the loss B(fin) of
the final route:

kA = 15 8y = 15 kB(d) = 4 kB(fin) 2
1(d) = 56 erlang B(d) = 0.19 B(fin) = 0,02

I'hen, the number of lines for the direct
and for the final route has to be deter-
mined.

1. Mean value of the overflow traffic
R(d) = ¥(d)-B(d)/1-B(d) = 13,1 eriang
2. Carried traffic of the final route

Y(fin) = R(d)-(1-B(fin)) = 12,9 erlang

3., Total carried traffic,
Y = Y(d) + ¥(fin) = 68,9 erlang

4, Average availability of thedirect route
k(d) = (k, - ¥/g,) kg(d) + ¥(d)/g, ~ 45,3

5. Average availability of the final route
k(fin) = (kAnx/gA)-kB(fin) + !(fin)/gA
k(fin) =~ 21,7

6. Design of the direct route.

Calculating the number of lines, inlep;
blocking can be neglected ([kA} ~ 0,7-107" ),
Therefore, one gets

n(d) = £(B(d),k(d),¥(d)) =~ 60,3460 lines
7. Variance coefficient D(d).,

D(d) = p-R(a)% k(a)/n(d) ~ 29,9
p=90,23

8. Final route.

where

Obviously, in case of only one direct
route, the total overflow traffic is iden-
tical with (R(d),D(d)).

For the values k(fin) and B(fin)
diagrams 3 and 4 yield
C1 = 0,055
Therefore,
mount An(fin)
traffic- is

the

02 = 5,15
the additionally needed a-
-compared with pure chance

An(fin) = D(4)/B(d)-( Ci(R(r)-ZO) + ¢
An(fin) =~ 10,9 lines

5 )

In case of pure chance traffic, the nec-

essary number of lines would be

n, = f(B(fin),k(fin),R(d)) =~ 19,5 lines
Finally, the actual needed amount of
lines for the final route is

n(fin) = An(fin) + n, = 30,4 ~30 lines

Hemark: For pure chance traffic, offered
to the final route, this route would be
full available. However for the actual of-
fered overflow trat'tfic, the final route
becomes limited accessible.

Simulation Besults,

The above calculated two-stage link sys-
tem was tested on a digital computer with
artificial traffic,

When the carried traffic of thedirect
route was

Y(d) = 56,180 * 0,009 erlang,
the call congestion of this route became
B(d) = 0,1929 * 0,0062 ,
the carried traffic of the final route was
Y(fin) = 13,164 ¥ 0,403 erlang
and the call congestion of this route
B(fin) = 0,0208 ¥ 0,005

From this results one can see, that sim-
ulation results and calculation are in good
agreement. )



Four Stage Link System with four Direct
Boutes and one Final Route.

Be given the structure of the 1link system
the carried traffic Y(i) and the loss B(i)
for each direct route (i = 1..4) and the
prescribed loss B(fin) for the final route,

kg = 5 ky= 4 kg= 7 k(i) =1
gy = 80 gy = 490 gc = 16 kd(fin) =2
¥(i) = 12 erlang
B(i) =0.2% £ 25,5 %
B(fin) = 0,03 = 3 %

Then, the number of lines for all direct
routes and for the final route has to be de-
termined.

1. Mean value of the overflow traffic for
one direct 'route.

R(1i) = Y(i)-B(1)/L1-B(1)]~ 4,1 erlang
2. Mean value of the total overflow traffic
Htot =
3. Carried traffic of the final route

D R(1) = b 4,1 = 16,4 erlang

Y(fin) = Rtot'(lnh(fin)) = 15,9 erlang

4. Total carried traffic of all routes
Y = ii!(i) + Y(fin) = 63,9 erlang

5. Average availability for the direct route

e Do Xy () . LD
o ) kp(1) +

K1) = (kymp Mg .

k(i) = 30,4

6. Average availability for the final route

(K- Sk, L Y

k(fi =] - - ). i
(fin) A £, K6 gB)(kc gc) kD(fln) +
+ Y(fin) ~ 60,7
&p

7. Design of the direct routes

The inlet-blocking, caused by the carried
traffic Y/gs of each selector group in the
A-stage is very small (/kpJ = 0.0012,/15/).
Comparing route- and inlet-blocking, there-
fore inlet-blocking may be neglected.

Looking for the number of lines n(i) for
one direct route for the values B(i) = 0,255
and k(i) = 30,4 we will find, that the route
is full available with n(i) = 14 lines.

Taking into account that the average a-
vailability -evaluated at point 5- is 30,4,
the link system will have a meshed structure

8. Variance coefficient D(i) of one overflow
traffic
2 n(i)

D(i) = p-R(1) e (p=0,295)

~ 4,95

9. Total variance coefficient
According to equation (19) we will find
2
Digy = 450 + 4:4,95 = 19,8

10. Final route
In case of pure chance traffic thne nec-

essary number of lines would be (c¢.f. remark

to point 7 of this example)
n =~
D

and the additionally needed amount An(fin)
of lines is

22,8 lines

an(rin) = 32:8.00,047. (16,4.20)+4,1) ~ 47

Finally the actual needed number of lines
n(fin) for the final route is

n(fin) = ng + An(fin) = 27,5~928

Simulation Results

The above calculated four stage link sys-
tem was tested with artificial traffic,

Carried traffic and loss for the direct
routes:

¥(1) = 12,02 erl. B(1) = 0.261 + 0.010
Y(2) = 11,98 "  B(2) = 0.258 + 0,009
Y(3) = 11,91 " B(3) = 0.251 # 0.009
Y(4) = 11,92 "  B(4) = 0,257 + 0.011

Carried traffic and loss for the final route
Y(fin) 15,93 erl, B(fin) = 0,0293 + 0.005
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