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Summary

Two methods are described to calculate the loss of a
switching system carrying external and internal traffic
and hunted with full or limited availability.

The first method (chapters 3,4,5) takes only the mean
values of traffic into account, bit the results are in
most cases sufficiently accurate. Familiar loss tables
may be used.

The second method (chapters 6,7) i1s based on the con -
ditions for statistical equilibrium leading to the exact
solution. The formulae can only be evaluated with elec -
tronic computers.



1. Introduction

This paper deals with switching arrangements, that can be
loaded by the outgoing as well as incoming traffic of a sub -
scriber group. A certain part of the traffic - i.e. the
traffic between subscribers of the same group - runs twice

f

through the switching arrangement, outgoing as well as in =
coming. This kind of traffic will be called i nt e rna l
traffic. Each call of this internal traffic needs two de -
vices. Furthermore, there also exists a traffic to and from
subscribers of other groups. This traffic runs only once
through the switching arrangement - either in outgoing or
incoming direction - and will be called e x t e T n a 1
traffic.

For example, we find both external and internal traffic on
the trunks between a line concentrator and the central office:
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The familiar methods to determine the number of devices N‘

for given values A (offered traffic), k (availability), and

B (probability of loss) can be used only for external traffic,
i.e. traffic, that occupies only one device for each call.
Internal traffic has different statistical properties, because
every successful call occupies two devices simultaneously.,

By writing down equations of state, the loss B = (A s L N)
in a selector stage with full availability, loaded with

mixed external plus internal traffic, can be calculated
exactly ( see chapter 6 ).

Equations of state and hence the loss B = f(£@9 Aty Ny Xk )

can also be determined exactly for selector stages with limi -
ted availability, if certain assumptions concerning the na -
rconnection Formula

ture of the grading are made. Erlangs Inte

R

appeared to be a
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and the modified Palm-Jacobaeus Formuls £5
le
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useful approach to this problem. See chapter 7.
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These solutions yield ratirer complicated formulae, which- at
least for more than 3 or 4 trunks - can only be calculated by
means of elsctronic computers.

The exact formulae in chapter 6 and 7 have been checked on an
electronic computer by artificial trafiic tests, the result
being, that the exact formulae are not always necessary for
practical use. Approximate formulae yield values, that are
sufficiently close to the real values, obtained by artifi -
cial traffic tests. The familiar loss tables for full avail -
able groups (e.g. E2] ) or for gradings ( [3} ) may be used
for this purpose. These simple approximate formulae will be
derived in the following three chapters.

2. General

Let us suppose that Poisson traffic may be offered, which
means an infinite number of sources. This also applies to
the exact formulae in chapter 6 and 7. Exact solutions for
a finite number of sources have also been found and will
be published later.

2,1 Offered external traffic means pure chance traffic,
each successful call occupies one trunk.

2.2 Offered internal traffic means pure chance traffic too,
but since every successful call occupies two trunks, the
traffic carried as a whole is no longer Erlang traffic.
But if only one trunk out of each pair is considered, for
example the trunk occupied by the outgoing internal call,
the traffi- on these trunks may well be supposed to be
pure Erlang traffic. So, the equations of state for the
outgoing internal calls in a group of N trunks carrying
internal traffic only are exactly the same as those, ob -
tained by external calls in a group of N/2 trunks.

5, Full availability

3.1 According to 2.2 <ne can obtain the loss of a circuit
group with N trunks 'nd -n offered pure internal traffic
A. (= outroing traf®i~) “rom the familiar loss tables
to b=
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Evidently, the whole internal traffic carried will occupy an

even number of trunks. So, N has to be rounded if necessarys
N =N - N(mod2)

The loaded traffic y, on the N trunks will be

vy o= E-Ai'( 1-B; )
where outgoing and incoming traffic are of the same value

Yig = Yic = ¥3/2

562 The overall loss of a group, to which a mixed external
plus Internal traffic is offered, can be computed in a

similar way.

To begin with, the loaded traffic y* consisting of independent
calls will be determined, i.e. the external plus outgoing or
incoming internal traffic :

Y b .
ever ¥ e (1-%)y

b means the ratio of the internal traffic and the entire

M
°= Ve # Vi (j

Since the second half of the internal traffic needs trunks
simultaneously, only Nif.N trunks are available for the
traffic y*'amd the following holds good on an average :

traffic carried

N o_ NF - N N
oy ’ = -m:mm« - o
S f)’ % };}g “f B/L Ye + ,%:f,

Using relation (3)

P
N*=(1-3)N @

The loss of a full available group with given carried traffic
J =T *t Yy and a given number of trunks N can be determined

Bm“p{}j*i /\”/*) @

with good approximation

where y*¢ N* are the values given by equations (2} and Q@
B can be drawn immediately from the tables of the mfJ {ﬁj
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or from tables ox graphs of the Post Offices.
If N¥ is a fraction, a linear interpolation may be sufificient.
For b=1 (internal traffic only), N* must be rounded to obtain

an integer: A N = Nimod 2}
i 2
From traffic y* and loss B the offered traffic A is found to be
NG
A=Ts
Hence, the total loss is defined by ‘B=-B@+Ei“4iLX:

A

Only this total loss B can be determined with the approximate
formulae. To get the external loss

B . Ae=VYe _ Ae— Ve
e A

A - Ae +
and the internal loss ; ¥ 4 N
B; p A A

separately, refer to the exact solutions in chapter 6.

3.5 Some curves obtained from (ED are given in Fig.1. For
each value of N a carried traffic y has been chosen
having about B = 1 % loss for the ratio b = O (external
traffic only). With constant value of carried traffic
but increasing part of internal traffic, the loss in -
creases more or less, dependent on the number of trunks.

.4 1In the preceding, we started the computation by assuming
a certain carried traffic y = Vo * Ty o With a nother
approximation, the number of trunks N¥ can
also be determined, if the offered traffic A = Ae + Ai
is taken as a starting point.

Exactly : A ﬂ_wm;@ﬂmmw

e o LA EA) ZA; A

Yo+ ¥ AeBeAt 2A-BAYT TA A T TR viB) A

BB« Ae B DT ThevZh
For Be B «Tor 4% =~ * the following approximation holds
4 5B
y€ -;mi}." Ae ’*':A;
By introducing A
Lo e RS {,,J’%.
Ao"’/ﬁ\{ @)

ve et b b Zc

VoY e+ G%
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The formulae (j) and (é} for N* apply also for the extreme
cases b=c=0 (external traffic only) and b=c=1 (internal
traffic only). For b=c=1 , N* has to be an integer - see 3.2.
1f N¥ is a fraction, an interpolation is necessary between
the two closest integers. ‘

With the offered traffic A and the loss B, the traffic y*
becomes y*wafof.gﬁ

So, the whole traffic carried on the N trunks will be

* ES

Limited availability

Just as in the full available group, only independent calls
will be considered. On the N trunks carrying a total traffic
of y = Yo + T3 Erlang, the traffic that consists of indepen=-
dent calls is (exactly as in the full available group) :

¥* e v é

@ Y=Yerz m(172)y
and the equivalent number of trunks
@  Nere-2iN

From one out of all multiples, which offer traffic to the
grading, only certain k out of the N trunks can be reached.
Double occupations by the internal traffic may exist on
these k trunks. That means, that the availability k has

to be reduced too.

Two trunks out of k trunks will be occupied simultaneously,
if the incoming internal call occuples one out of the same
k trunks, which have been hunted by the corresponding out -
going internal call.

The part of the internal traffic returning to the same

k trunks is given by , fa¢.ﬁi <
CTIVON N
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4.3
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An equal 4" tribution of the traf i1c on all m ltiples 's
assumed .

Subtractin Is from the total traffic carr‘e on the N

trunks, the o ffic y X consisting of independent -alls

k

only remains .

. k k b L
JK WD/'y.;ﬁ;y‘“y{'/“zN)

Therefore, the availability has to be reduced ¢ ording to yg

N

K
NY ONE RY(1-tE

Hence k¥ = (Awf‘ﬁ)g

The entire loss Bk of a route with N trunks, the availabi -
lity k and a given carried traffic of y Erlang can now be
determined from familiar tables (e.g. mFJ [5] )

B =f(N KLY @)
where N*, k*, y* have been computed -'th formula« C),égb(é)

respectively.
The real off red traffic Ak can now be determined :

XA
A -—2L

Fig. 2 shows some curves obtained from C:) with k - 6
and y = const. for each curve. With incr asing ratio of
internal traffic, the loss increases.

Again we can start the approximation by <ssu-ing the of "ered
traffic Ak instead of the carried traffi T By analogy
with 3.3, the total loss will be

Bk“"‘]{(/v* /<.*,A)
where N"‘,._J.\;/“_,_m

c+1
and SRR p—
£ i k.
k ‘”(”i‘“’“c_{-q K}}’k} @
F om offered tra i Ak d total loss Bk we obtain the
*
y*’f/"k,<4_Blc)
a d he total traffic &a ried on the N runks
y* ; R
Yooy =l T) Yyt

£
2
e

traffic y



¥ systems

Appréximate formulae for the éongegticn in link systems can
also bg derived, if the above mentioned methods are used to -
gether with the method of combined input and route blocking
CIRB {5} . Since these formulae have not yet been checked by
artifzéial traffic tests, they will be published later.

6o Exact solutions for full availability

Abbreviations :

A offered traffic ( Erlang )
Ng carried traffic ( Erlang )
Index e ¢ external
" i ¢ internal
N total number of trunks
k availability
X number of busy trunks
plx) probability, x trunks busy
B probability of loss, time congestion
blocking probability
Ay n c Q
,,Q,E“K"iﬁirr ratio of internal and total traffic
e 4 offered ’
I : 9 ‘ a
D s i ratio of internal and total traffic
Te*5

carried

6.1 External traffic

The well known statistical equilibrium for external
traffic (pure chance traffic offered), as presented
by A.K.Erlang, is given by

( x+1)-p(x+1) = A.p(x)
or ( »4+2) p(x+2) = A-p(x+1) o

6.2 I ternal traffic

I-ternal traff.- oc upylng (x+2) trunks consists of
5
o

only (x+2)/2 conversations. Consequently, the density
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of t e p obability, that one out of (x+2)/2 conversations
terminates, is
3%§a‘ (x42)

average holding time equal to unity)

Hence, the statistical equilibrium is found to be

ng p(x+”) = A-plx) (:)

The left hand sides of eq. (:) and {EE) represent the
tra sition from state (x+2) eithe to (x+1) = termina -
tioar of an external conversation - or to state x -
termination of an internal conversation. The right hand
sides represent the transition to s ate (x+2) either
from state (x+1) =~ new successful external call - or

fr m state x = new successful internal call.

Kot . . - . . " . S
X . — o — R e - — o
external internal external internal

end end call call

External plus internal traffic

If a g oup carries external plus internal traffic and
if (x+ ) trunks are busy, the average number o. trunks
occupie vy internal traffic 's b-(x+2) and

occupie b external traffic (1=b)(x+2)

With re r ce to the total number of inc¢gming calls
the part the internal al s 1s given bﬂ the fa tor
the part of the external alls 1s given by the factor(l=c

Hence, ~ tatistical equilibrium becomes

(1=p)(x+ -+ (x+2) + b~§%§~p(x+2) = (M=c) A.p(x+ ) + c-A p(x)
®

For b=c¢=0 b=ec=1 the recurrence relation for pure

external t  fic or pu e internal traffic @
are obtain o
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b and ¢ are not independent.

Therefore, the equations of state and hence the loss can
only be evaluated by an iterative method. For example the
of fered traffic A and the part ¢ of the offered internal
traffic may be given. Then, a first approximate value for
b has to be chosen; formula ()

2¢

bﬁc»&»’?

may be a good approach.
With the additional condition ESP(X) 1 and the abbrevia -

tlons H

T m 4 . 2
’ S b - ) A A
2

the above mentioned statistical equilibrium Q;) yields
the probabilities of state

ey & "{“% \)’Q”h’é«;{z)
@ Fla Zompnts
A ’2" v T <
}f) XY = L
S 2 ala T
& e -
It must be pointed out, that the values N and a; are
different from A, = (1=c)-A
and A, = c-A

i

. - - -
Formula is published in L’IJ and if*“} , containing, how =
ever, the offered traffic Ae’ Ai instead of By 8y o

External loss arises, if an external call finds all trunks

(1=c) p(I0)

Internal loss arises, if an internal call finds (i) all N

busy :

trunks busy - internal loss outgoing Big - or (ii) N1
trunks busy - internal loss incoming Bic
Bi - Big * Bic
. FAPANY
= ¢c.p(N) + c-p(lN-1) 19

From these loss values the loaded traffic is obtained

external : y_ = A& - B, A=A | T1-p()

internal : y, = 2[4, - By A; - 24, gﬁwp(N)mp(Nwﬂ)g



£
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Consequently, the ratio b becomes
I3

Tetyy
This new value for b will surely be a little different from
the initial one obtained by b=2¢c/c+1 . With the new im -
proved value the above mentioned procedure can be repeated.
Finally, after sufficient iterationé9 a value b is obtained;
which fits the given values A and c. From the correspondiﬁg
probabilities of state the desired loss can be determined.

7. TLimited availability

7.1 Extension of Erlangs Interconnection Formula

According to Erlangs Interconnection Formula, the following
is defined :
/éc(XD = probability, that a call finds a free
trunk, if x trunks are busy

b

6" (x) = probability, that a call finds no free

trunk, if x trunks are busy = 1 - u(x)
(%) |
The equation 6(x)= éﬁ holds exactly for ideal Erlang gradings
F

tion of the load over all trunks is assumed.

or for gradings of arbitrary type, if an equal distribu -
From the conditions for the statistical equilibrium the fol -
lowing recurrence relation is obtained :

i-c A ’ _ < A .
O [ x 42 ) m et AKX A2 (50 ) o et g A cpeq) e g d
Joixtd) === Pakala/l (x41] -+ T v O (xea) ()
2 z 2. 7

a.) out of the state {(x+1) by an external call with
the probability 4:(x+1), that this call will
find a free outlet

The state (x+2) will arise

b.) out of the state x by an internal call with the
probability/ﬁ;(x)vu(x+1)g that not only in state
X a free inﬁernal/outgoing trunk can be found,
but also in state (x+1) a free internal incoming

trunk.
8

<
With the additional amndifion.ﬂjppix) = 1 and the abbreviations
X=0
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the probabilities of state for limited availability become :

(37
[
Xwo 7 :mw’ a 7’0&;)(—27'
/ Lo S D
Loowl) S vl x-an)!
/’}(; \EM fro 7/ yw
’*‘ &
o x- N r - Jv
3— i Qg' a{f’k
! , Y (x-2y)]
X = §'30 / s

Computation of loss from the pr. of state

External loss arises, if in the state x an external call finds
N,

no free trunk 3 /4 ¥3gm/(’} (%)
P g - C # <3 "r‘, D= FOUh
@ R (22)

S,
Internal loss outgoing arisesy, if in the state x an internal

outgoing call finds no free trunk
N

By = CE/O(X}F(K)

W= fe
Internal loss incoming arises, if in the state x an internal
outgoling trunk can be found,; but no intermal incoming trunk

in the new state (x+1) et
z

}é(x%ya{x)'GYk*4) égg

B,"C“-"ﬁ C:'fv
{=ie-
In all 3 lpsg values Be’ Big’ Bic
tended from x=0 to x=N. Because of it(x) or & (x), the cor -
I
responding terms will be zero.
From offered traffic A and loss B, the carried traffic becomes

[

the summation may be ex =

External y_ = A, - B4 = (1mcﬁBe)*A

Internal y; = 2£Ai - (Big+Bic)-§ = 2A'(CwBi}

Just as in the full available group, the pair b,c can now be
found by iteration.

For b=c=0, formula Ci) is reduced to the well known inter -
connection formula for gradings, for k=N to the formula 629

for full available groups.



Er.angs interconnection formula makes demands on the type of
o

o
ocrading, that often cannot be fulfilled by familiar g

gradings.
small

Therefore, the computed loss values are sometimes too s

The modified Palm-Jacobaseus Formula 3! yields results closer
to reality.

Suppose the N trunks to be hunted with full availability. The

probabilities of state are then given by eq. ﬁ%}@ The ficti -

tious traffic A offered to the full available group is defined
9 ¢ vy is as great as in the real

i
the offered traffic Ak hunts the N trunks wit
5

Hence vy =f (A, N)=1F¢( A, N, k ),

5y 53 /A0
The loss is computed with formulae 22 12%; 24, but with the

s,

pr. of state p(X) given by 6?}@ The real offered traffic A,

can be determined only after the computation of the loss Bk

k
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