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Abstract

An important performance aspect of modern switching systems and signalling networks is the
response time to user requests. The overall system consists of nodes communicating by exchanging
messages. In each node incoming messages pass a series of service phases with possibly different
priorities. Therefore a node can approximately be modelled as an M/G/1 priority system with feed-
back. The mean transfer times of different messages are a useful measure to describe the system
behaviour.

In this paper, a generic model is presented including batch arrivals, random branches, and forks.
Furthermore different preemption and queueing disciplines can be defined. The model is evaluated
with regard to phase utilization and mean transfer time through a single phase or a chain of phases.
The analysis uses an efficient and easy to implement algorithm based on the method of moments.
Interesting effects occur if the system is saturated. In this case the offered load will become greater
than 1 and only higher priority phases are passed in finite transfer times.

1. Introduction

Modern telecommunication networks can be characterized as large and complex distributed
systems. They consist of various nodes exchanging signalling information via a signalling net-
work. Within a node the information generally passes a protocol stack which might be imple-
mented as a couple of software processes running on a single processing unit. These processes
again interact by exchanging messages. In order to minimize the time to user requests, e.g. the
call setup delay, it is necessary to evaluate the performance of the network.

One approach to get the network performance is to investigate the network as a whole. How-
ever, the model then becomes rather complex. Exact analysis of this complex model is not fea-
sible at all while on the other hand simulation often causes unacceptable run times.

If the network consists of loosely coupled nodes decomposition and aggregation techniques
have evolved to be a promising way for performance modelling ([1], [19]). In this approach the
information stream between nodes is supposed to approximately have the Markov property.
Each node is then represented by an M/G/1 queueing system which can be solved separately.
The arrival rates to the subsystem can be obtained by a message flow analysis for the network.
After the subsystems have been evaluated aggregation of the subsystem delays yields the total
response time to a user request introduced by the network. The processing of messages in the
subsystem is expressed by so-called message chains composed of several phases with possibly
different priorities and service times. So we have an M/G/1 priority system with feedback as
the model for a node.



An introduction to the analysis of M/G/1 systems without priorities can be found in [12].
Takagi shows in [18] how response time distributions for M/G/1 priority systems without feed-
back can be obtained. Response time distributions for priority systems with feedback have
been investigated among others by Enns ([5], [6]) and Fontana ([7], [8], [9], [10]). However,
they had to make some restrictions which are not valid for the model needed here.

While analysis of an M/G/1 priority system with regard to transfer time distribution functions

is still a rather complex task the method of moments introduced by Cobham in [3] is an alter-

native approach. The goal here is to calculate only the first moment (i.e. the mean value) of
response times. This method has been applied to feedback priority systems by Simon ([17])
and Paterok ([15], [16]). In this paper, the method of moments will be extended to models with

different queueing and preemption strategies. Moreover the influence of saturation, i.e. an
offered load greater than 1, on system behaviour will be considered (Section 4). The exact
model will first be described in Section 2. The analysis of the generic model by the method of

moments will be shown in Section 3. In Section 5 some results of an example case study will
be presented.

2. Model Description

In the following a generic M/G/1 model consisting of a single server with infinite queueing
capacity will be presented. This abstract model covers the most important cases necessary for
modelling communication subsystems.

Jobs arriving to the system are served in several phases forming a message chain. The stocha-
stic arrival processes are Poissonian. Batch arrivals are also possible. Arrival rates and batch
sizes can be individually defined for each message chain. Within a chain message flow can be
influenced by random branch and fork elements (Fig. 1).
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Figure 1. Example of a system with two message chains

If the server is busy on the arrival of a job the job is put into the queue. The sequence of the
jobs in the queue is determined by the priority values of the jobs. On arrival or feedback a job
changes its priority according to the priority value associated with the subsequent phase.
Among jobs with the same priority the queueing discipline controls which job is to be serviced
next. Considered queueing disciplines are first-come-first-serve (FCFS), last-come-first-serve
(LCFS), and random order of service.



The service times of the various phases are distributed according to Gl distribution functions.
For non-preemptive systems the mean service times and the coefficients of variation are suffi-
cient to describe the stochastic service processes.

The preemption behaviour of the system is defined by the global preemption distance (see
[11]). A job arriving in phase A will interrupt a job currently served in phase B if the difference

of the priority values of A and B is greater than or equal to the preemption distance. The
preemption strategy associated with the corresponding phase determines how an interrupted
job behaves. If the preemption strategy is “preemptive resume” service continues at the point
where it has been interrupted when the job re-enters service. The strategy “preemptive repeat”
defines that the work that has already been done on an interrupted job is lost. In this case the
service time on re-entry to the server may be resampled according to the service time distribu-
tion (“preemptive repeat with resampling”) or it may be the same as in the first service attempt
(“preemptive repeat without resampling”).

3. Analysis

In order to get the mean values for transfer and waiting times in a model derived from the
generic model described in section 2 the method of moments is applied. This approach uses
three fundamental laws of traffic theory:

« Little’ law [14] expressing that the mean value of the number of custoMders  in an arbi-
trary system depends in a linear way on the arrival kaed the expectation value of the
sojourn time Fin the system:

E[N] = ALE[T4] 1)
» the PASTA theorem [20] which proclaims that a customer arriving in a Poisson stream
sees the system in its average state
« the result from renewal theory [13] for the expectation value of the residual life Tigne
of a customer whose service timie  has known mean value and variance:
Var[T]
2[E[T] @)

E[Tel = 5 CE[T] +

The basic principle of the method of moments is to tag a random customer and to follow his
way through the system. For this customer the mean delay is composed of some partial delays
he suffers from different classes of jobs. In the case of a non-preemptive system without feed-
back the delay of a tagged job until his service is finished arises from three classes of
customers:

» the customer currently served when the tagged job arrives

» customers with higher or equal priority already being in the queue upon the tagged job’s
arrival

» customers arriving while the tagged job is in the queue and overtaking him because of
higher priority

The partial delays can be calculated by usage of the fundamental laws described above.
Summarizing the partial delays for the tagged customer leads to a linear equation system for
the mean transfer times through the phases which can easily been solved.



For the simple M/G/1 queueing system with only one phase we have to solve a single equation:
\N:an+QD1=p@[u+&)+A@wm 3)

wherew is the mean waiting timé,  is the mean service tihe,  is the mean queue tgngth,
Is the mean residual service time, is the coefficient of variation of the service time, and
p = A [h is the mean utilization of the system. Solving this yields Pollaczek-Khintchine’s
well-known formula for the mean waiting time:

_1+c® p
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In a system with feedback things become more difficult. If the tagged job re-enters the system
in a feedback the PASTA theorem can not be applied because the feedback stream does not
necessarily have the Markov property. In this case the re-entering customer does not see the
system in its global mean state. Therefore the mean state at feedback must be sequentially
derived from the mean state at arrival which is identical to the global mean state. In [16] and
[17] this is done by complex mathematical formulas while we used an efficient and easy to
implement algorithm that directly imitates priority queueing within the system (see [2]). This
algorithm is iteratively applied to all phases within a chain. First it provides the calculation of
the delay equation for the current phase. Moreover the algorithm maintains the mean system
state at departure of the phase. This state at departure can then be interpreted as the state at
arrival when the algorithm is applied to the following phase.

For preemptive systems the decomposition into job categories has to be refined. Furthermore
some auxiliary quantities have to be computed for each phase like the probability for not being
interrupted or the expected residual service time. Those quantities have already been derived in
[4] and [16] for preemptive resume and preemptive repeat with resampling while for preemp-
tive repeat without resampling they can be found in [2].

4. Saturated Systems

The system becomes saturated if the total offered load is greater than 1. In this case the number
of customers entering the system within a time perisid is greater than the number of
customers served withidt . Therefore the number of jobs in the system increases so that
stationarity is no longer given. The system gets instable.

Regarding a saturated priority system one can establish that in a certain range of load the
number of jobs waiting for service in higher priority phases still shows a stationary behaviour
while it increases to infinity in lower priority phases. In other words, lower priority phases get
that share of utilization that has been left by higher priority phases. Therefore the output rate

Aout i Of @ lower priority phase is reduced by a factor ~ compared to the inpw¢fgte

— }\out,i
%= Ain, ®)

This “reduction factor” can be used to introduce the so-called “critical” priority and to

distinguish three phase classes according to their behaviour at a certain load:

* Phases with a priority greater than the critical priority have a reduction factor of 1. This
means that there is no reduction of data flow in these phases. The mean values of partial
gueue length and transfer time are finite for these phases.
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» The reduction factor for phases with a priority value equal to the critical priority takes on
values between 0 and 1. Customers are still served in these phases but the service rate is
lower than the offered rate. The mean values of partial queue length and transfer time go
to infinity.

» Phases with a priority lower than the critical priority have a reduction factor of 0, i.e. no
jobs are served in those phases. Here the mean value of the partial queue length also goes
to infinity while transfer time is undefined. All phases following that phase within a
chain have input rates of 0.

For systems with FCFS or random order queueing discipline it can be shown that all phases
whose priorities are equal to the critical priority have the same reduction factor. Within a mes-
sage chain the equation

)‘in,i = qD\out,j (6)

holds whergj is the predecessor phaseé of . The faptor is equal to unity unless there is a
branch or a fork at the transition from phase to phase

Now let n be the total number of phases in the systemland the number of phases with critical
priority. Applying the previous results and considering the possibility of more than one phase
with critical priority being part of the same chain one can state that

A OX with 0<b <k, 1<i<n. @

out,i
In this formulab; denotes the number of preceding phases with critical priority in the chain
containing phaseé including phase if its priority value is critical. With being the mean
service time of phase we then have the phase utilization

b;

Pi = Aouri thy = & X", (8)
Finally the sum of the utilization factors of al phases in the system must equal unity in the
saturated case. So the definition equation for the reduction factor is a non-linear equation of
the form

Sax’=1 witho<as<l, 0<bs<ksn ©)

which can be solved by numerical approximation for higher degrees. Attes been calcu-

lated all flow rates and utilization factors can be computed. The transfer time analysis is then
performed using the method of moments as described in Section 3. The only influence of satu-
ration is now that merely phases with a finite transfer time according to the previous classifica-
tion have to be considered.

5. Example

As an example the results for the system depicted in Fig. 2 will now be presented. The system
consists of three chains which are composed of phases with priority values 1, 2, and 3. If we
choose the global preemption distance to have a value greater than 2 we get a non-preemptive
system. All phases in the system have deterministic service times with mean values
hy = h, =hg =hg =h, =1andh, = hy; = 5. The arrival rates are variable maintaining

a constant ratia; A, +A; = 3+ 2+4 . Batch arrivals are not considered in this example.



Message 1

lxl

v
=

Message 2

l)\z

Message 3

lxs

Figure 2: System with three message chains

The diagrams for the chain utilizations are depicted in Fig. 3. One can recognize that the utili-
zation of chain 1 containing phases with the least priority 1 is reduced first. Although phase 4
has a priority value greater than the critical priority at this point it suffers from the throttling in
the preceding phases. On the other hand, utilization of chain 2 is not affected by the collapse of
chain 1. Utilization of this chain increases up to the load where 2 becomes the critical priority.
In the following load range we have a non-linear degradation of chain utilization in chain 1 and
2. This is caused by the fact that both chains contain phases with the critical priority related to
the corresponding load range.
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Figure 3: Chain utilizations
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Figure 4: Chain transfer times

When we look at the transfer times (Fig. 4) we find that especially the curve for the transfer
time through chain 3 is interesting. This chain consists of a single phase with highest priority.
The diagram shows that there are sharp bends at the points where lower priority phases reach
saturation. In the load range where 1 is the critical priority we even have a decreasing transfer
time in chain 3. This is because the partial delay of a chain 3 job, which is caused by the resid-
ual service times of phases 2 and 3, decreases when lower priority utilization goes down.

6. Conclusions

When using decomposition and aggregation techniques for the performance evaluation of com-
munication networks problems are often reduced to the evaluation of M/G/1 priority systems

with feedback. A generic model for that kind of systems has been presented. The model
considers that messages are processed sequentially in phases with different properties.

The M/G/1 priority model with feedback can be evaluated by the method of moments. Based
on a few fundamental laws this technique divides the total mean delay of a tagged job into par-
tial delays which can be calculated separately. Using an efficient algorithm the mean value
analysis of transfer times can easily be implemented in a tool.

When load is increased priority systems show an interesting behaviour. Higher priority phases
still can have a finite transfer time while stationarity is no longer given for lower priority
phases. It has been shown in an example case study that this may even lead to a decreasing

transfer time for higher priority phases.
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