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ABSTRACT

In modern telephone exchanges the subscriber se-
lection network is generally a multistage link
system with both-way traffic, i.e. not only calls
are offered to the link system which occupy one
path through the link system (external traffic)
but also such calls are offered which occupy two
paths through the link system (internal traffic).
An internal traffic call originates from a cer-
tain inlet of the link system and is connected

to another inlet (subscriber) of this link sys-
tem, i.e. the call needs two paths through the
link system, an outgoing and an incoming path.

In private automatic branch exchanges (PABX) link
systems with internal and external traffic can
also be found.

For the approximate calculation of the call con-
gestion of such link systems a method is pre-
sented for PCT 1 (pure chance traffic No. 1, i.e.
Poisson input having constant call intensity and
negative exponential holding time distribution).
This calculation is based on the method of com-
bined inlet and route blocking (CIEB) [4,5,7].

Furthermore, this method makes use of the distri-
bution function of the probabilities of state
which was derived in [1,2] for full avallable
groups with internal and external traffic.

In Chapter 1 the principle of the calculation
method is explained. In Chapter 2 the internal
and external traffic is characterized. In Chap-
ter 3 the different operation modes of link sys-
tems with internal and external traffic are dis-
cussed. The various formulae of the calculation
method will be derived in Chapter 4. In Chapter 5
the calculation results are compared with the
results of artificial traffic trials performed on
a digital computer,
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1. THE PRINCIPLE OF THE CALCULATION METHOD

The call congestion is divided into two parts

[u,7]:

1. The call congestion, caused by inlet blocking
of the 1%t stage.

2.«The\ca11 congestion, caused by route blocking,
i.e.'“the part of the call congestion,caused
either by the limited access to the considered
outgoing group or - in case of full access -
by the state "all lines of this group busy".

In the following this idea will be applied also
to systems with internal and external traffic.
The various parts of the call congestion are cal-
culated by means of the following probabilities
of state:

- w(x) probability, that x outlets of the con-
sidered multiple of the 15t stage are

occupied.
- p,(x) probability, that x lines in the consid-
J ered outgoing group No. j are busy.

These functions w(x) and pi(x) are assumed to be
independent of each other. The traffic Yy carried
per multiple of the 15t stage as well as the traf-
fic Ysj carried on the outgoing grouv No. j are
prescribed. Furthermore, as an approximation, the
k¥nown functions for the probabilities of state
for full access groups with internal and external
traffic are applied [1,2]. Thus, the probability
distributions w(x) and p, (x) can be calculated
iteratively by means of generating offered traf-
fics Ay and Ay, in such a way that the prescribed
carried traffics Y, and Yy result [2,7]. .

2. DEFINITION OF "EXTERNAL" AND "INTERNAL" TRAFFIC
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External traffic: A call establishes o n e vpath
through the link system.

Internal traffic: One call establishes t w o
paths through the link system. Hereby two cases
nave to be distinguished:

a) The origin and the destination of the internal
connection are situated on the same multiple
of the 15t stage (cf. fig. 1, path (a)).

b) The origin and the destination of the internal
connection are situated on different multiples
of the 1st stage (cf. fig. 1, path (b)).

To calculate the probability distribution for a
trunk group - i.e. either for a multiple in the
1st stage or for an outgoing group behind the last




stage - the total internal traffic has to be di-
vided into two parts:

- that part which requires two paths in the con-
sidered group is named in termnal traf-
fic with regard to this group (cf. e.g. Tig. 1:
the connection (a) occupies two paths within
the kq outlets of the considered multiple ).

- that part which establishes only one path in 2a
considered group is named e x t er nal
traffic with regard to this group (cf. e.g.
fig. 1: the connection (b) occupies one path
only within the ki outlets of the considered
multiple).

3. THE OPERATION MODES

3.1 Operation Mode 1
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Each outlet of the link system in fig. 2 (right
hand side) can be used for traffic in outgolng or
incoming direction. Therefore, internal traffic
needs two lines of the same outgoing group.

The parameters Xi,.,K.,&1,..,8s €bc. of the
structure of the link system are given (cf. fig.
2)., Let the carried traffics of a considered out-
going group No. j (3 = 1,2,...,R) be prescribed,
where:

Y ; = total carried traffic,
}Iﬂ = internal carried traffic,
e¥s; = external carried traffic,
with
Y = iYsj + e¥s) (1)

The ratio of internal to total carried traffic
is:

dgj= 7 (2)

sj

The total carried traffic of the 1link lines is:

¥ (3)

s)

M=

total

-

NE

Furthermore, the carried traffic of a multiple
in stage No.v (v = 1,2,...,s) amounts to:

Y
Y‘V - éo‘:al (4)

The total intermal carried traffic of the link
system is given by:
R

Y Y (5)

total = i~sj

j=1
With this total intermal traffic of the 1link sys-
tem we find the share per multiple in stage No. L

Y
i i~total
Xy = g, (6)
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We assume that the intermal traffic is split into
the g, multiples of the 13t stage symmetrically.
To calculate the probability distribution for the
outlets of the considered multiple in the Btstage
we have to calculate 1 t s o wn internal
traffic. This intermal traffic per multiple a-
mounts to (¢f. Chapter 2):

Yl £ 3 N
v, = =t = LS (7)

ely =Yy - % (8)

The ratio of internal to total carried traffic
per multiple of the ist stage is:

iY1
d, =—-YT (9)

3.2 Operation Mode 2

One of the two outgoing groups carries internal
traffic only. The other §roup carries external
traffic only (cf. fig. 3).
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Link systems having this operation mode can be
found similarly in many telephone exchanges.

With given parameters of the structure as well
as the prescribed carried traffics on the out-~
going groups Y= Y, and Y,,= elsp We get:

d‘51 =1 } (10)
dsz= 0 (cf. eq. (2))
Furthermore, we calculate Y, according to eq.(4),

¥, according to eq. (7), Yy according to
eq. (8), and 4, according to eq. (9).

3,3 Operation Mode 3
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Just as in Chapter 3.2 we have only two outgoing
groups. Group No. 1 carries external as well as
outgoing internal traffic. Wherees,
group No. 2 carries external as well as 1 n -
coming internal traffic (cf. fig. 4).

Link systems having this operation mode are also
applied in many switching systems.

The parameters of the structure and the carried
traffics Y, and Y, on the outgoing groups are
given.

‘Since an intermal connection establishes only one
line in an outgoing group, we get (cf.Chapter 2):

ds1 = ds? = 0 (11)

In this case the ratio d,; of internal to total
carried traffic on the g, k, link lines between
stage No. 1 and stage No. 2 must be known. Thus
it follows that (cf. Chapter 3.1, assumption for
eq.(7)):

4 O (12)

1 g1 .

Furthermore we find the total carried traffic Y,
per multiple of stage No.vy (v = 1,2,...,s) ac-
cording to eq.(4). :

The internal traffic per multiple of stage No. 1
is:

Ly = 4y 1 (13)

The external traffic Y, follows from eq.(8).

4, CALCULATION OF CALL CONGESTION AND OFFERED
TRAFFICS

4.1 Assumptions

- The probabilities of state of the outlets of
each multiple of the 15t stage and those of the
outgoing trunk groups are independent of each
other,

- An internal call of the considered link system
can be connected - between its outgoing and in-
coming line of stage No. s (last stage) - via
further selector stages of the exchange.

Time delays and losses caused by these selector
stages are neglected.

- The external traffic is produced either by
sources which are connected directly to the
link system (outgoing external traffic) or by
calls which come from the outside (incoming ex-

;;;nal traffic).

e calculation method makes no difference be-
tween outgoing and incoming e x t ernal
traffic. The sum of both external traffics is
handled as a Poisson traffic offered to the
left hand side of the system (cf. fig. 4).

4,2 Mean Accessibility mj

The calculation of route blocking makes use of
the Mean Accessibility m; from an inlet of the

15t stage to the considered outgoing group No. J.
I.e. the quantity m; can be interpreted as the
average number of lines in the considered group
No. j which can be hunted "free" or "busy" by the
inlets of any multiple in stage No. 1 [4,5].

According to [4] we get:

s -1
m ={U(k" - 4] kg * Nt (14)
. V=1
where
q. = ratio of the carried traffic on the outgoing
group No. J to the total carried traffic of

the system.

The following limitations have to be regarded for
eq.(14):
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X

H(kv - Yy) =g,

and ¥*! m =

n
J 3]

X=1,2,..,8-1
(15)

K
Example: If TT(ky -¥y)> g, and m >ng we set
=1

Tk - ¥) L g,48nd m; = ng , respectively.

y=1

4.3 Congestion Probability Gj(x)

Route blocking b,; is calculated as in the case of
a one stage arrarngement with constant limited ac-~
cessibility m; . Outgoing groups with external
traffic only 4re calculated by means of the MPJ -
formula [5,6]. For groups with internal and ex-
ternal traffic an adapted version of the MPJ-for-
mula is applied [2].

For a constant and integer accessibility k and
for the number n of lines G(x) holds:

[@)N
i
2

In our case, however, the Mean Accessibility m,
is as a rule not an integer value. Therefore, Wwe
calculate 6(x) by means of a linear interpola-
tion between the two neighbouring integer values
of my, mjgand mjp [3], where

mjq = neighbouring integer value =m;,

mjy neighbouring integer value = mj.
We get
() () ;
a ]
6](x) = nJ‘ (my, = my) + ———(m; - mjg) (16)
() (%)
ja ib

4.4 Probabilities of State

4.4.1 The Probability of stategpj(x) for the Out-
going Group No. j

Analogously to [1,2] we get the recurrence for-
mula:
2.A

A _. )
py(x2) = S5 py(xe1) + = py(x)
with nei (17)
Z pj(x) 1 ’
where
erﬂ = generating external traffic offered,
jAos) = generating internal traffic offered.

Whereas the carried traffics .Y, and ;¥ are
prescribed, the quantities oAos; @and jAgsj have to
be determined (by iteration) such that the fol-
lowing equations (18),(19), and (20B) are ful-
filled:

e¥a = ohosj (1 = py(ng))) (18)
XY o= 2iAosj{l "(pj(nsj ) + p-‘(nSJ - 1))} (19)

i~sj
Remark to eq.(19): The factor 2 depends on the
fact that an internal connection establishes two
paths in the considered outgoing group No. j.
TInternal call congestion arises, if =(ng - 1)
lines are busy. Therefore, we get pj(nsﬁ +pﬂ1grﬂ
(cf. Chapter 4.5.1, eq.(28)).

Next, we calculate the ratio of intermal to total
traffic offered. It is defined by

= Bos) (204)
Cosj - A

- s)
Cosj = 1 - p(r%? - p“r%j—l) (20B)
- pj(nsj>




4.4.2 The Probability of State w(x) for a Mulbti-
ple of Stage No. 1

Analogously to eq.(17),(18),(19),and (20) we get:

A 2 A
etot o1
W(x+2) = —m— w(x+l) + ——— w(x) (21)
oYy = oAy (1 - wl(ky)) (22)
Yy o= 2 Ay (1 - (wlky) - w(ky-1))) (23)
o .= iAM _ a, u
e N T e Lok (28)
+2(1-
; 2( d1) 1o w(k1) ,
where
eAs1 = generating external traffic offered,
iAot = generating internal traffic offered,
c = ratio of internal to total offered traffic

o

The probabilities of state w(x) can be calculated

itgratively in the same way as pj(x) in Chapter
AN

4,5 Inlet Blocking

The following equations exist for the different
parts of inlet blocking:

-External inlet blocking, referred to
the external traffic offered:
by = wlky) (25)
(Loss occurs if all k, outlets of the consid-
ered multiple are busy )

-O0utgoing internal inlet block-
ing, referred to the internal traffic offered:

igPr = Py = wlky) (26)
(Internal outgoing loss occurs also if all k,
outlets are busy.)

-Incoming internal inlet block-
ing, referred to the intermal traffic offered:
b

b = wlky - 1) : Co(27)

(In the state {k1-ﬂ an outgoing internal call
occupies the last free outlet, i.e. the incom-
ing part of the internal call is lost.)

-Total intermnal inlet blocking,
referred to the internal traffic offered:
by = by + by (28)

(Outgoing internal inlet blocking and incoming
internal inlet blocking are mutually exclusive
events. Therefore, the two probabilities can
be added.)

4.6 Route Blocking

4.6,1 Operation Mode 1

The following equations exist for the different
parts of the route blocking:

- External route blocking, referred to
the external traffic offered:

n
obg= (mjp - m})-pj(m}d)v6j(qu) + i pj(x)' GJ(X) (29)
x=mjb
Remark to eq.(29): The call congestion of a
trunk group with limited access and extermal
traffic only is given by:
n

= Zp(x
x=k

In our case the Mean Accessibility m; is not
an integer. Therefore, we calculate ¢bg; by
linear interpolation (cf. Chapter 4.3). After
some transformations we get eq.(29).
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- Qutgoing internal route block-
ing, referred to the intermal traffic offered:
igbsj = ebsj (30)

-Incoming intermnal route block-
ing, referred to the intermal traffic offered:

icbs; = (mjp=m;)ep;(mjg- 1)-6j(mju) +

Nei-1
+ ipj«x) 1- G(x))-6 (x+1) (31)
x=mju )
Remark to eq.(31): The call congestion of a
trunk group with limited access and internal
rafflc only is given by [2]:

b ==§§p(x)

x=k-1
Because m; is not an integer, we have also to
1nterpola%e linearly (cf. remark to eq.(29)).

-Total internal route blocking,
referred to the internal traffic offered:

S(1-6(x)) 6(x+1)

ibsj = igbsj + icbsj (32)

4.,6.2 Operation Mode 2

d,=1 and d,,= 0 are given (cf Chapter 3.2).
With regard to® d =1 we get b, = 0. The inter-

nal route blocklng of the group No. 1 can be cal-
culated according to eq.(30),(31), and (32).

With regard to dep= O we get (bgp= O. The exter-
nal route blocking of the outgoing group No. 2
can be calculated according to eq.(29).

4,6,3 Operation Mode 3

With regard to dgyg = dgp= O (cf. Chapter 3. 3) we
get by 'b§2' 0. The external route blecking
of the® outg01ng group No. 1 and No. 2 can be cal-
culated according to eq.{29).

4.7 Call Congestions, Besulting from Inlet and

Route Blocking
4.,7.1 Call Congestion of External and Qutgoing

Internal Calls

The e xt ernal call congestion, referred

‘to the external traffic offered to group No.j is:

eb(j) = eP1 * (1 - eb1)ebsj (33)
{eby and b, are assumed to be independent.)
The outgoing internal call con-
gestion, referred to the intermal traffic offered
is:

N T (34)

e™{j

4,7.2 Call Congestion of Incoming Internal Calls

4.7.2.1 General Remarks

The incoming internal call con-
gestion, referred to the intermal traffic offereq
has to be calculated as follows:

We have to distinguish between 4 cases of block-
ing (cf. fig. 5):

L v : outgoing internal
) — — — connection
B
:-\\\‘\4\\\\d@_j incoming internal
P U P - connection
$) -
Filg, 5
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the incoming group are connacted
rultiples of the stage No. s, whose paths
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For sach of the 3 operation modeg these 4 cases
have fLo be considered!

estion mbm)is calculated ac-
k,7.2.2 Opsration Mode 1

Cage ol « L P Y
e g, oy (1~ ebﬁi) : (35) 4.7.% Call Congestion for Internsl Traffic
where
1 ‘ Generally, we get the total internal
ra = probability {ﬁestin&tiom multiple iden- call congestion, referred to the intermal traffic
1 tical to origin multipie}s of fered fTOm*
{4 5 >3 . ¥ in 4 o0 T3 "
(1-¢be)) = prob.{no cutgoing route blo ng},} oy, = Bt B (42)
Py = prob. {destination multiple blocked. M ¢ oo
Cage 1 M ; 4.8 Offered Traffics
Cege ) 8y ) - & iy (1= ) (36)
where 4 . B.1 Cperstion Modes 1 and 2
%m as in case of), External Traffic offered is
) -
(i-Db,) = prob.{destinatian multiple not blecke@ eyg
icbs) = prob.{incoming route has no idle path shgy = 7T 25 (43)
to the destination multiplef
Internal Traffic offered is:
a )
Gose B} fn = (1-3) by (1-0y) (1-byy) , (37) -
sj .
R y
where iAsj % WW (44)
1 . ; 3
(1-g) = prob.{destination multiple not identi- From eq.(43) and (44) we obtein the total traf-
1 cal to origin multiple},
fic Asj offered to the group No. j}:
(1_eb1) = prob. [origin multiple not blocked], .
(1-¢b;) &5 in case o), Ay = ohy T kg (#5)
A-H = prob. [destination multiple blocked). The ratic of intermal to total traffic offered
$) becomes:
Casge 4 i 2 \ A
oy = (1“§§) iDs; (1-.0,) . (38) o o dtsi (46)
where ' . si T TRy
(1—%;) as in case ¢), 4.8.2 Operation Mode 3
(1—§b1)2 = prob.{origin and destination multliple The prescri raffic parasmeters Yg , Ygr and
not blocked}, d, (ef, Chapter 333) yield the total traffic
icDsj es in case f). Yyppo = Yy + Y., , a2ccording to eq. (3)
With eq.(35),(36),(37), and (38) the total call and ite internal share:
congestion for incomlng internal calls holds: - ;
$ Yot = $arLiotal (&7)
of. 7 N 3 E
By = ey ﬁbﬁ) + iqj) + Py (39) This internel share of the total traffic carried
is divided equally intc the outgoing directi

I 1 t T dire No. Z:
4.7.2.3 Operation Mode 2 Ho. 1 and the incoming direction No

For group No. 1 (internal traffic only) we {ind
by = 0. Therefore, only eq.(35),(36),(37),{38),
and (139) are relevant.

rgffic only,

In group No. Z we have e
{ id.

ernal
i.e. q”) 0., Eguation )

e S
XU T
33) is val
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and *
‘ Y
* i~ st
iAsT =71 ib(1) (50)
Furthermore,
*
Agy = oAyt jAg C(51)
and 3
A
* iTts1
c., = - (52)
o Ag
Outgoing group No. 2:
We get *
Ysz - iYsz
Agp = ghep = 1 ) (53)
e (2)
and r
¢, =0 (54)

4.9 Call Congestions, Referred to the Total
Traffic QOffered

4.9.1 Operation Modes 1 and 2

We obtain:
External call congestion:

= (1 - ch )'eb(}-) (55)

ij

Internal call congestion:

(56)

B, = B + B (57)

4.9,2 Operation Mode 3

Outgoing group No. 1:

In eq.(55),(56),(57) the traffic ratio cg{(ac-
cording to eq.(46)) has to be replaced by cr,
(according to eq.(52)).

OQutgoing group No. 2:
Since ci, = 0 (cf. eq.(54)) we obtain:

B, = B, = Py (58)

4,10 Mean Call Congestion, with Respect to All
Qutgoing Groups

R
We obtain: ZA B,

e
Biotar = B T (59)

=t
5. COMPARISON BETWEEN CALCULATION AND ARTIFICIAL
TRAFFIC TRIALS

In all diagrams % means the test results with a
confidence interval of 95%. The solid lines are
obtained with the presented calculation method.

5.1 Two-Stage Link System with Operation Mode 1

Diagram 1: Total call congestion Bigtqr @8 func-
tion of the carried traffic per out-
let Y4 /ng , parameter dgq .

1:; &, = 1, internal traffic only

2: 4, = 0.5, mixed internal and ex-
ternal traffic

3: dgy = 0, external traffic only.
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Diagram 2 : 1 : Intermal call congestion, re-
ferred to the internal traffic
offered as function of Yg1 /ng:
(dgy = 0.5).

2 : External call congestion, re-
ferred to the extermal traffic
offered as function of Y /ng,

{(der = 0.5).
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5.2 Three-Stage Link System with Operation Mode 2

Diagram 3: 1 : Internmal call congestion, referred
to the internal traffic offered as
function of the carried traffic
ger outl?t Y,/ng = YSQ/n52= Ys/nS

s =1).

2 Exéérnal call congestion, referred
to the external traffic offered as
function of Yg/n, (dgp = 0).
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5.3 Four-Stage Link System with Operation Mode 3
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Diagram 4: Total call congestion as function of

the carried traffic per outlet Yq/ng=

Y., /ng, = ¥g/n,, parameter d, .

1: 4,
ternal traffic.

2 : d,, = 0, external traffic only.
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Diagram 5:

085 07 Q.75 o8 085 09 095

1 : Internal call-congestion, re-
ferred to the intermal traffic
offered as function of Y /ng.

2 : External call congestion, re-
ferred to the external traffic
offered as function of Y, /n,.

(dz1 = 0-5)
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